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GREEN HYDROGEN - FUEL OF THE FUTURE 
 

Yashar MUSAYEV1,a*, Carlo LOCCI1,b, Nizami YUSUBOV2,c, Kamran 
RZAYEV 2,d 

1Siemens Energy AG, Freyeslebenstraße 1, 91058 Erlangen, Germany  

2Department of Machine Building Technology, Azerbaijan Technical University, Baku, Azerbaijan 
 

E-mail: a*yashar.musayev@siemens-energy.com,  bcarlo.locci@siemens-energy.com, 
cnizami.yusubov@aztu.edu.az, dkamran.rzayev@mail.ru 

https://doi.org/10.61413/NVDN2284 

Abstract: The critical issue of increase in carbon emissions in the world’s atmosphere will have fatal for the 
stability of the climate. Therefore, increasingly tangible effects of climate change have led the world’s 
economies in recent years to intensify their efforts for a transition away from fossil fuels.  An exceptional push 
for innovation is the development of renewable energy sources. One promising complement to intermittent 
renewable power generation is the conversion of surplus electricity to energy storing products, like hydrogen. 
Current industrial supply for hydrogen is derived primarily from a carbon-intensive process based on natural 
gas (steam reforming). Hydrogen is the lightest and most abundant element in the universe. On Earth, hydrogen 
is usually present as part of organic compounds such as methane (CH4), ammonia (NH3), or water (H2O) [1, 
2]. Siemens Energy is one of the world’s leading energy technology companies. An estimated one-sixth of the 
electricity generated worldwide is based on technologies from Siemens Energy. The portfolio includes 
conventional and renewable energy technology, such as gas and steam turbines, hybrid power plants operated 
with green hydrogen, and power generators and transformers. For the development of green energy systems is 
electrolysis a one of key technology to meet Paris agreement targets. The joint vision of the companies is to 
advance the technology to produce green hydrogen from innovative PEM (Proton Exchange Membrane, Fig.1) 
water electrolysis using renewable energy systems. This paper describes how the green hydrogen, produces 
via electrolysis technology, will play a significant role in satisfying the rising demand of green fuels in the 
future. 
Keywords: energy transitions, green hydrogen; electrolysis; PEM: Proton Exchange Membrane; MEA: 
Membrane Electrode Assembly; GDL: Gas-Diffusion-Layer; giga-factory. 

Introduction.  
Climate change is widely acknowledged by the largest economies and developing countries as 

a significant problem that needs to be tackled urgently. A growing number of countries are developing 
programmes and strategies on greenhouse gas mitigation and decarbonisation roadmaps to overhaul 
their energy systems and infrastructures within the next decades. Signing states of the Paris agreement 
are required to cut down emissions by 50% by 2030. The agreement is ratified by the European 
countries, which engage themselves towards carbon neutrality by 2050. Through a combination of 
renewables, energy storage, energy efficiency and smart grid technology, a large share of end-use 
applications will be decarbonised in the coming decades. As more countries foster deep 
decarbonisation strategies, green hydrogen produced from renewables via water electrolysis is 
expected to be at the very heart of energy transition as a key piece of the clean energy puzzle. IRENA's 
1.5°C scenario projects that hydrogen and derivatives will account for up to 12% of final energy 
consumption by 2050 [2, 3].  

Germany’s roadmap towards carbon neutrality puts renewable energies into focus, with wind 
and solar being the main future energy sources. 80% of gross electricity production must be from 
renewable by 2030, which is expected to reach 800 TW by the end of the decade [4]. One of the 

mailto:yashar.musayev@siemens-energy.com
mailto:carlo.locci@siemens-energy.com
mailto:nizami.yusubov@aztu.edu.az
mailto:kamran.rzayev@mail.ru
https://doi.org/10.61413/NVDN2284
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challenges tied to wind and solar renewable resources is the unpredictability which does not optimally 
follow the energy demand. For this reason, energy storage systems working as an energy buffer are 
necessary.  

Hydrogen is an energy vector. Differently from batteries, hydrogen offers extreme flexibility 
and can be used in heterogeneous sectors, such as manufacturing, heating, transport and energy. For 
this reason, Germany plans to install at least 6 GW of hydrogen production capacity by 2030, and an 
additional 6 GW by 2040 [5]. The Hydrogen Council estimates 232 GW of total electrolysis capacity 
worldwide, if all the projects announced by manufacturers so far will follow through [6]. 

Electrolysis is the only way to produce green hydrogen with no CO2 emissions, but it is still 
very marginal if compared to hydrogen production from fossil fuels, which represents 96% of 
hydrogen production nowadays. Mature electrolysis technologies for large scale hydrogen production 
are two [7]. In alkaline electrolysis, two electrodes operate in potassium hydroxide (KOH). The 
produced hydrogen and oxygen are separated by a diaphragm. The second one is Proton Exchange 
Membrane (PEM) electrolysis, in which the catalyst is coated on the membrane (catalyst coated 
membrane – CCM). In PEM, the protons involved in the catalytic reactions travel efficiently across 
the membrane. Compared to Alkaline electrolysis, the proton exchange is more efficient for PEM, 
making this technology more responsive to load fluctuations, hence more suitable for coupling with 
intermittent technologies such as wind or solar. PEM is however more expensive: the catalytic 
material for the anode side is Iridium, one of the scarcest materials on earth [8].  

Giga Factory: Mass Production of Green Hydrogen via PEM-Technology 
PEM electrolysis at industrial scale occurs in a stack made of single cells (Fig. 1): at each side 

of the membrane, a gas-diffusion-layer (GDL) homogenizes and stabilizes the flow across the 
membrane and enables the electron flux to the catalytic layers. The core of the cell, defined as 
membrane electrode assembly (MEA) is then packed between two bipolar plates. Depending on 
design and hydrogen production requirements, a given number of cells is piled together within two 
external metal collectors. Such ensemble is defined as stack, whose production ramping up for the 
Silyzer300® is the main element of this article. A stack for the Silyzer300® is shown in 

 
Figure 1. Water Electrolysis process and production of green hydrogen via PEM- Technology 
 
 Fig. 2a. In a reference plant configuration, 24 stacks build an array, which is able to produce 

about 335 Kg/h of hydrogen at full load Fig. 2b. Such production corresponds to 0.55 MW per stack, 
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when the higher heating value of hydrogen is used as a reference.  
 

 
a)                                                                                     b)  

Figure 2. Stack (a) &  full module array (b) of the Silyzer300® with 24 single module units. 
 
Building a PEM stack for the Silyzer300® is a nearly full automatized process. The way the 

performance of a module is measured is the polarization curve, which correlates the voltage needed 
to polarize the cell for a given load of electricity. The stack must be manufactured with a very high 
level of standardization, from the cells manufacturing up to the module assembly. Slight differences 
in the process would lead to a modification of the polarization curve, which is an undesired outcome 
during the quality and testing phase. 

Building up a giga-factory for such a highly standardized process, requires then to think 
thoroughly about the workflow and to find the best optimization between speed of manufacturing and 
strict control of all the KPIs of the final product.  

All the most important elements involved in the cell electrochemical reactions are already 
involved.  

• Coating: the catalytic layers are coated on each side of the membrane, but layering is not done 
directly on the membrane itself. The first step is to create the layer on carrying foils. This is a 
very delicate step as imperfect adherence of the catalytic layers might affect the performance 
of the cell. Here standardization and automation are fundamental and the mechanical and 
thermal characteristics of the layer are accounted for to regulate the machines; 

• Temper: in this step we run a heat treatment to modify and optimize the mechanical 
characteristics of the coating layer on the foils; 

• Cutting machine: up to this phase, the carrying foils are in a roll. In this step, they are cut into 
sheets of a convenient size for the continuation of the process sequence;  

• Sandwich machine: this is the first time the layers enter in contact with the membrane. In a 
sandwich machine, two foils, one for the anode and one for the cathode side, are attached to 
the membrane; 

• Lamination machine: the sandwich formed in the previous step is then laminated to press the 
coating onto the membrane; 

• Punching machine: the throughput from the lamination machine is cut to obtain the final size 
corresponding to the active area of the cell. Visual inspection and maneuvering are here 
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needed, as after this step we finally have the MEA; 
• Cell assembly: the cells are now manufactured. This step is fully automated with two robots 

continuously picking up the cell components and assembling each cell. Each finished cell is 
then piled one after the other. The need for robots here is fundamental for rapid ramp-up.  

• Module pressing: the cells are pressed and screwed. Several screws are used for the operation, 
which is also fully automated, requiring two additional robots. The modules are finally be 
tested and shipped to the customer site. 

 

 
Figure 3. One of the robots involved in the cell manufacturing process 

 
As it can be understood, most of the steps are dedicated to the MEA, and this also had 

consequence on the way the layout of the giga-factory was architected. Since the target is to produce 
3 GW by end of 2025, this is an equivalent of 4 modules per day when the factory will work at full 
regime. 

Such robots need to be continuously monitored to prevent any malfunction and disruption, 
before any major event occurs. In addition, the machines continuously dialogue together via a cloud 
network. The coordination of the machine is a fundamental aspect to increase and steer the production 
efficiency. Only when a given machine is perfectly aligned with the previous step, production times 
can be highly optimized.  

Testing of the modules is fundamental. When the factory will be at full regime, a statistical 
sample of the modules will be tested. As a reminder, the test consists in running the module at several 
current loads, and to measure the voltage. The relation between the two provides the polarization 
curve. The polarization curve is compared to a reference one, which is also reported in the contractual 
agreements with customers. Any misalignment with the reference polarization curves is a red flag, 
and the process within the giga-factory needs to be reassessed. To enable fast analysis and process 
feedback, the giga-factory will continuously store the data from the testing and it will be easier to find 
discrepancies in the process.  

The system coordinating the giga-factory is called manufacturing execution system (MES) 
which will play a fundamental role during ramping up. From beginning of operations to full regime, 
the giga-factory will be continuously optimized and the setting up of thousands of parameters will be 
required. This is the fundamental reason why a central brain is needed, and only a strict monitoring 
of all the events will allow a satisfactory production. The giga-factory represented a very important 
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investment, from the founding agency up to the industrial actors involved. Hence it is important that 
its costs will be recovered. It is then highlighted that the giga-factory will also produce potential new 
products that will be proposed in the market by Siemens Energy. The way the giga-factory was 
designed was to favor not only automation, but also full flexibility to allow a fast resetting of the 
machines, dealing with different stack designs and concept. Several possible improvements in future 
stack designs for PEM manufacturers are discussed, and it is of primary importance for the giga-
factory to be able to produce new and more cost competitive stacks. Finally, it can be argued that the 
giga-factory will be highly demanding in terms of material influx and this might be one of the main 
challenges for the whole workflow. In the next chapter, such challenges will be detailed and 
discussed, with potential solutions and perspectives. In particular, poor collaboration within 
companies might lead to misalignment in the supply chain, potentially delaying further hydrogen 
market growth and decarbonization targets. 

PEM technology will evolve continuously in the next years. New stack designs will appear, 
new MEAs will be developed and this in very short time ranges. The issue is that recycling techniques 
optimized for a given stack, might need re-tuning for a different stack, even produced by the same 
company. If this is true for the MEA for the Iridium recovery process, this is also valid for all the 
other components, such as GDL, which might not be directly used after refurbishment as incompatible 
with a new design. Finally, both paths, reduction and recycling have actually to be combined together, 
posing further challenges to the PEM market for a sustainable supply chain.  

Europe puts industrial eco-systems at the center of its economy strategy [9,10]. In total, 14 eco-
systems are considered as the main pillar of European transition towards sustainability. Among these 
14 eco-systems, “Energy-Renewables” and “Energy-Intensive-Industries” are the main areas in which 
hydrogen will play a significant role. As a consequence, hydrogen is considered by the European 
Union as a strategic area among other five. For Europe, strategic areas are industry sectors which 
need particular attention from European institution due to their strategical importance but also for 
challenges these areas will face in the future. Raw material supply chain is of concern for PEM 
technologies. Europe fully acknowledges this challenge and puts the raw material supply chain for 
hydrogen into focus. In addition, still on a European level, the European Hydrogen Alliance brings 
European hydrogen actors together, to boost growth and exchange know-how [11,12,13].  

It can be argued that without such initiatives, that is government backing up industry, the 
hydrogen economy could not grow. In [12], it is reported that green hydrogen production has a 
chicken-egg dilemma. First challenge is the levelized cost of hydrogen, defined as the cost per Kg of 
hydrogen, accounting for all the costs during production. PEM manufacturers need to invest in R&D 
to drive cost down, but only if demand grows such investments can happen. However, in order for 
the demand to grow, the cost of hydrogen must be affordable. As mentioned in the introduction part, 
96% of hydrogen nowadays is produced via fossil fuels, with a levelized cost of hydrogen (LCOH) 
pre-pandemic between USD 0.5 and 1.7 USD [13]. Green hydrogen is nowadays more expensive, 
with a LCOH between USD 3 and 8. At the moment, it is still uncertain whether the price will reach 
levels that will trigger enough demand for green hydrogen and for sure, PEM manufacturers will need 
to rethink and redesign the stacks [14] to increase market attractiveness compared to grey hydrogen. 
From a technological point of view, immediate measures will be to increase the MEA active area, 
pressurize the system and finally increase the current density. However, it is also reminded that 
independently from the measures and the strategies implemented by PEM manufacturers, this always 
has an effect on long term performance of PEM stacks, also defined as degradation [15], which is a 
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fundamental variable to be taken into account for a sustainable business case. However, the increase 
in gas prices can still negatively affect the green hydrogen market. In Europe for instance, the merit-
order system sets the electricity price as the price coming from the source with the highest marginal 
costs. Due to high gas prices, this leads Europe, and especially Germany, to high electricity prices, 
which is a very harsh boundary condition for green hydrogen development as electricity can be 
considered as the fuel for electrolysis [16]. 

Another chicken and egg dilemma is how to push companies to invest heavily on hydrogen. We 
saw above how the giga-factory will need a continuous flux of material to satisfy the ambitious 
production targets. This means a continuous flux of all the components, from the bipolar plates to the 
catalytic layers, from the membranes to the external blocks. A disruption of one of these elements 
would bring to interruption of the factory operations as well as inventory accumulation of idling 
elements. Such components are built in an eco-system of suppliers and sub-suppliers, which will also 
need to invest internally to increase their production throughput. In addition, the giga-factory needs 
reliable and long-term partners. Industrial partnerships will also play a crucial role in this sense, in 
which big energy players can build joint ventures to enhance specific know-hows. Only with such 
positive examples, large volume manufacturing will be required more and more.  

Conclusion. 
Paris agreement represented a strong push for investments into green technologies. Hydrogen 

is at the center of Europe’s strategy and it is seen as a valid way to store energy from intermittent 
renewable sources. Only governmental investment and strong commitment to roadmaps will create a 
favorable environment for the giga-factory to reach its production targets. 

PEM electrolysis is a promising technology that holds great potential in the era of sustainable 
energy production. It can be used to store excess renewable energy, produce high-purity hydrogen for 
fuel cells, and generate oxygen for various applications. As the demand for renewable energy storage 
and hydrogen fuel cell technology continues to grow, the use of PEM electrolysis is expected to 
become more widespread. With further development and investment, PEM electrolysis has the 
potential to play a critical role in achieving a more sustainable and cleaner.  
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Abstract: The paper describes the stages of designing a technological cycle, which implements 
milling the holes with an end mill. We also present the developed CONICALINT software, which 
generates a G-code with an argument list for calling a technological cycle from the CNC system 
memory. The developed algorithm for the technological cycle of milling holes with an end mill has a 
branched structure, since there is a choice between two methods for calculating the internal 
parameters of the cycle and two milling methods: down cutting or up cutting. The calculation of the 
internal parameters of the technological cycle consists of calculating the coordinates of the points 
necessary to construct the helical path of the cutting tool, as well as calculating the value of the 
maximum permissible value of the helical pitch within a given set of input parameters. The initial 
data for the calculation are represented by thirteen parameters characterizing the geometry of the 
cutting tool, the geometry of the desired machined surface, as well as parameters defining the milling 
method, the calculation method, the cutting mode and the starting points of the cutting tool path. 
There are eight boundary conditions that determine the acceptable values of the input parameters. 
Based on these conditions, a system of inequalities is designed with a set of error messages to the 
user in case of incorrect input of the value of any input parameter. The developed G-code of the 
technological cycle subroutine for a CNC machine makes it possible to calculate the tool motion, both 
along helical and conical helical paths, depending on the input parameters. So, you can use it when 
programming milling of cylindrical and conical holes. The developed CONICALINT software is a 
visual addition to the developed technological cycle of milling holes that allow you to generate a 
control G-code with a list of twelve arguments. 
Keywords: parametric milling cycle, G-code, end milling, CNC machine 

Introduction  
 Currently, in conditions of piece-work and small-batch production, there is a need for a quick 

changeover of a CNC machine and, accordingly, rapid writing of control programs for part processing 
[3]. Using cycles for processing typical surfaces built into the CNC system [9], as well as due to the 
possible lack of other optional tools (Manual Guide i interactive programming software, 
Conical/Helical Interpolation function, etc.) [6, 8, 12,15], it is not always possible to solve assigned 
problems when developing control programs without the use of CAM modules, other computer 
software, or labor-intensive calculations of cutting tool paths [14]. This leads to problems that require 
theoretical and/or practical solutions. The following main problems have been identified on the topic 
under analysis. The performance of the process of designing a control program to execute the same 
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operating step on different CNC machines differs. This is due to the presence or absence of desired 
tools of the system [10,11]. There is no possibility to use the same control program to perform some 
routine operating steps on different CNC machines [7, 13]. Preparing control programs for processing 
surfaces of complex profiles is the most labor-intensive process [1, 2, 4, 5].  

Thus, the relevance of the topic is associated with the need to develop and implement into the 
CNC system a technological cycle for milling holes with an end mill, taking into account all the 
requirements for the geometric parameters of the machined surfaces a rational processing strategy, 
and cutting modes, and not linked to a specific series and model of this systems. 

Stages of technological cycle development 

Definition of initial data 

The initial parameters of the cutting tool and the required parameters of the machined surface, 
necessary for calculating the path of the cutting tool within the developed technological cycle for 
milling holes with an end mill, are visually presented in Figure 1. Table 1 provides a description of 
these parameters. 

 

Figure. 1. Initial parameters of the cutting tool and required parameters of the machined 
surface 

 
Table 1 Description of initial parameters 

 
Parameter Description 
r End mill wedge radius 
H Required hole depth 
D Initial hole diameter 
d Final hole diameter 
Ra Required roughness of the machined surface 
L Helical pitch value 
Z Z-axis coordinate of the hole origin plane 
U Z-axis coordinate of the clearance plane 
S Spindle rpm 
F Feed 
Ap Maximum axial depth of cut 

 
It is necessary to select the milling method (up or down milling) and specify the calculation 

method (use the value of the required roughness or a fixed value of the helical pitch to calculate the 
internal parameters of the technological cycle). 

Designation of boundary conditions that determine acceptable values of input parameters  
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Let us define a set of conditions, the failure of which makes it impossible or incorrect to 
calculate the tool path within the developed technological cycle, and the CNC machine system 
generates the corresponding error: 

−the value of the initial hole diameter must be greater than the value of the final diameter or 
equal to it, 𝐷𝐷 ≥ 𝑑𝑑; 

−the value of the Z-axis coordinate of the clearance plane must be greater than the value of the 
Z-axis coordinate of the hole origin plane or equal to it, 𝑈𝑈 ≥ 𝑍𝑍; 

−the value of the spindle rpm must be positive, 𝑆𝑆 > 0; 
−the value of the end mill wedge radius must be positive,  𝑟𝑟 > 0; 
−the value of the required roughness of the machined surface must be positive, 𝑅𝑅𝑅𝑅 > 0; 
−the value of the initial hole diameter must be positive,  𝐷𝐷 > 0; 
−the value of the final hole diameter must be positive, 𝑑𝑑 > 0; 
−the value of the hole depth must be positive, 𝐻𝐻 > 0. 
Thus, a set of boundary conditions has been determined, the failure of which leads to the 

operation shutdown of the developed technological cycle, and the CNC machine system issues a 
corresponding message indicating the incorrectly specified parameter. 

Development of a technological cycle algorithm 
Let us develop a conditional algorithm for the technological cycle of milling holes with an end 

mill and depict it in Figure 2. This algorithm has three logical blocks, the decisions on which are 
made depending on the values of the initial data. 

 
Figure 2. Conditional algorithm for the technological cycle  

 
Calculation of internal parameters of the technological cycle 
Using the formula for calculating the deviation of the actual profile of the machined surface 

from the required one, we recalculate the values of the initial and final diameters of the hole (𝐷𝐷𝑐𝑐𝑎𝑎𝑎𝑎𝑐𝑐 
and 𝑑𝑑𝑐𝑐𝑎𝑎𝑎𝑎𝑐𝑐, respectively) using formulas (1) and (2): 

                                        ( ) ( ) ( )( )ωωω tgrrrrDDcalc ⋅⋅−+⋅−⋅+= sincos2                                    (1) 
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( ) ( ) ( )( )ωωω tgrrrrddcalc ⋅⋅−+⋅−⋅+= sincos2                                     (2) 

The inclination angle of the machined surface 𝜔𝜔 is calculated using formula (3). The value of 
the inclination angle is necessary to calculate the change in the radius of the hole after each full turn 
of the helical path of the cutting tool, as well as to calculate the maximum permissible value of the 
helical pitch 𝐿𝐿, at which the required roughness of the machined surface will be maintained. 

                                                                
( )







 −

=
H
dD

arctg calccalc 2/
ω                                                         (3) 

For a cylindrical hole, the value of 𝜔𝜔 will be zero, since the initial and final diameters will have 
the same value. The value of this angle cannot be negative. 

If a path calculation method is chosen that takes into account the required roughness of the 
machined surface, then we calculate the maximum permissible helical pitch 𝐿𝐿 using formula (4): 

     ( ) RarL ⋅⋅⋅= 8cos ω                                                              (4) 

If the calculated value of 𝐿𝐿 is greater than the maximum axial depth of cut 𝐴𝐴𝐴𝐴, the value of 𝐿𝐿 is 
taken equal to 𝐴𝐴𝐴𝐴. 

The number 𝐾𝐾  of complete turns of the helical path of the cutting tool is calculated as 𝐻𝐻/𝐿𝐿 and 
rounded to the smallest integer (6). The quotient 𝑊𝑊 of 𝐻𝐻/𝐿𝐿 (5) is also necessary to calculate the final 
coordinate (𝑋𝑋;  𝑌𝑌;  𝑍𝑍) of the last turn, since if the 𝐻𝐻/𝐿𝐿 ratio is not an integer, then the helical motion 
path will end with an incomplete turn in order to withstand the required hole depth. Therefore, 

L
HW =                                                                               (5) 

( )WFIXK =                                                                      (6) 

where 𝐹𝐹𝐹𝐹𝑋𝑋 is the rounding to the smallest integer function used by the CNC system. If the value 
of 𝑊𝑊 is less than one, then there is no need to calculate the value of the number of complete turns 𝐾𝐾 .  

Since the CNC system does not have an arithmetic function for obtaining the remainder of 
division, we calculate the remainder 𝑉𝑉 from dividing the value of the required hole depth by the 
number of turns using formula (7): 

KLHV −=                                                                       (7) 

The value 𝑉𝑉 characterizes the depth of the last incomplete turn (if any) in a plane perpendicular 
to the axis of the rotating cutting tool. Next, the final coordinates of the last incomplete turn (if any) 
of the path are calculated (Fig. 3). 

To do this, we first find the angle 𝛽𝛽 from the X axis in the 𝑋𝑋𝑌𝑌 working plane (plane G17 of the 
CNC system, perpendicular to the axis of the rotating cutting tool), upon reaching which the path of 
the last incomplete turn (8) will be completed:  

LV /360 ⋅°=β                                                                  (8) 

Angle 𝛽𝛽 can take values from 0 to 360, not inclusive. Then, the radius is calculated relative to 
the center of the hole at which the path of the last full turn ended according to formula (9): 

( )ωKLtgDI −= 2                                                            (9) 

Next, the coordinates (𝑋𝑋;𝑌𝑌;𝑍𝑍) are calculated using formulas 10–12: 

( )
2

cos dX ⋅= β                                                                 (10) 
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( )
2

sin dY ⋅= β                                                                  (11) 

    HZ −=                                                                         (12) 

 
Figure 3. Calculation diagram of the final coordinates of the path 

 
The value by which the radius of the hole changes after each complete turn (13) is calculated 

last:  
( )ωtgLJ ⋅=                                                                     (13) 

Thus, the missing parameters necessary for the cutting tool path drawing within the framework 
of the technological cycle being developed for milling conical and cylindrical holes with an end mill 
are calculated. 

Development of a subroutine for a CNC system that implements the technological cycle 
When calling a subroutine using G-code, the data (argument values) entered by the programmer 

is passed to the subroutine. When an argument is defined, the values are assigned to the corresponding 
local variables. The addresses G, L, N, O, and P cannot be used in arguments. It is also possible to 
skip addresses that are not required. Local variables corresponding to missing addresses are set to 
zero. 

Table 2 Addresses of arguments and corresponding local variables 
Address Variable 

number 
 Address Variable 

number 
 Address Variable 

number 
A #1  I #4  T #20 
B #2  J #5  U #21 
C #3  K #6  V #22 
D #7  M #13  W #23 
E #8  Q #17  X #24 
F #9  R #18  Y #25 
H #11  S #19  Z #26 
 
Next, we need to assign the available argument addresses used to set the values of the local 

variables of the cycle being developed to the set of input parameters. We summarize the data in Table 
3. 
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Table 3 Argument addresses used 
Parameter Argument address Local variable 

r R #18 
 𝜔𝜔 C #3 
H H #11 
D D #7 
d E #8 

Ra A #1 
Z Z #26 
U U #21 
S S #19 
F F #9 

Ap Q #17 
 

Let's develop a subroutine that implements the technological cycle in the educational version of 
the CIMCO Edit software editor for CNC machines. Having assigned values to the input parameters, 
we show the result in Figure 4. 

 
Figure 4. Assigning values to local variables of the cycle 

Using the conditional operator “IF” we check the boundary conditions. The result is shown in 
Figure 5. 

 
Figure 5. Checking boundary conditions 
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Let's introduce additional local variables of the technological cycle and calculate their values 
using formulas (1–13), depending on the chosen calculation method. The result is shown in Figure 6. 

 

 
Figure  6. Calculating values of local variables of the cycle 

 
Next, using variables and conditional transition operators “IF” and “WHILE” and choosing the 

method of up or down milling, we describe the tool path using calculated local variables. Figure 7 
shows the result. 

 

 
Figure 7. Tool path calculation 

Thus, a subprogram for the CNC system has been developed that implements the technological 
cycle of milling holes using an end mill. 

Visual modeling of the implementation of the developed technological cycle 
Using the path drawing module built into the CIMCO Edit control program editor, we perform 

a visual simulation of the execution of the developed G-code cycle for milling holes with an end mill. 
To do this, we need to assign values to the input parameters. Table 4 presents the set of values. 
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Table 4 Assigned values of variables 
Parameter Local variable Value 

r #18 0.8 
𝜑𝜑2 #3 1 

H #11 20 
D #7 50 
d #8 50 

Ra #1 1.6 
Z #26 0 
U #21 10 
S #19 1500 
M #13 3 
F #9 0.3 

Ap #17 2 

Since the values of the initial and final diameters are equal, the tool path, respectively, should 
be helical and not have a slope. Figure 8 shows the operating result of the cycle. 

 

 
Figure 8. The operating result of the cycle with specified parameters 

 
Next, we change the value of the local variable #8, which is responsible for the final diameter of the hole. 

We set its value equal to 10. With this value, the slope of the hole should be 45 °. We perform the cycle and 

present the drawing of the resulting path (Fig. 9). 

 
Figure 9. The operating result of the cycle with specified parameters     
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Figure 9 shows that the CIMCO Edit editor of the control programs does not have an algorithm 
for drawing a conical helical path, but, nevertheless, it displays the end point of the path that 
completes each of the turns. 

Description of the developed CONICALINT software  
Figure 10 presents the developed CONIICALINT software for the Windows operating system. 

The application is an instrument of graphic visualization for entering the input parameters and 
generating a G-code control with a set of arguments of the developed technological cycle. This 
application was designed on the Windows Forms platform in the Microsoft Visual Studio 
development environment. The application program code is written in the C# programming language. 

 
Figure 10. Developed CONICALINT software  

 
This application has the following principle of operation: 
1. The user introduces the values of 11 variables, the description of which is given in the 

“Definition of the initial data” paragraph of this work. If the final diameter of the hole is unknown, 
and the cone is known, then when the button depicted in Figure 11 is pressed, the calculator window 
(Fig. 12) is opened to calculate the final diameter of the hole. 

 
Figure 11. Calculator window opening button 
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Figure 12. Calculator window   

 
2.The user needs to indicate which of the two methods of calculating the cutting tool path is 

used. By default, the path calculation method is selected based on the value of the required roughness. 
If it is necessary to use the methodology that uses a fixed helical pitch to calculate the path, then the 
user needs to set the corresponding flag shown in Figure 13. It is also possible to choose a milling 
method in the developed technological cycle. By default, the method of down milling was chosen. 
We can switch to up milling by setting the corresponding flag (Fig. 13).   

 

Figure 13. Selecting the path calculation method  
 

3.When clicking the “Generate G-code with arguments” button, the application checks the 
boundary conditions (see point 2) and the formats of the entered numbers. If an incorrect value for 
any parameter is entered, the corresponding error message is displayed to the user. The example is 
shown in Figure 14. 

 

Figure 14. Error message displayed 

4.If all entered values pass the check, then the application generates a control G-code with a set 
of arguments (Fig. 15), through which the developed technological cycle will be called for execution 
from the memory of the CNC system. Also, for convenience, there is a button for copying the control 
G-code to the clipboard. 
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Figure 15. Generated G-code with the set of arguments  

The use of CONICALINT software minimizes the risk of making an error when entering 
incorrect values of input parameters even at the stage of designing the control program using the 
developed technological cycle. 

Design of control programs using the developed technological cycle 
To verify the operability of the developed technological cycle for milling holes, let us design a 

set of control programs for executing a group of operating steps for milling conical and cylindrical 
holes when machining the “Plate” part, the CAD model of which in an isometric view is presented in 
Figure 16. 

 
Figure 16. CAD model of the “Plate” part 

 
Using the developed CONICALINT software and the calculator built into it, we generate a G-

code with a set of arguments for making each of the twelve holes. The first row of twelve holes must 
be made with a roughness 𝑅𝑅𝑅𝑅 of 6.3, the second row with a roughness 𝑅𝑅𝑅𝑅 of 3.2, and the third with a 
constant helical pitch 𝐿𝐿 =0.75 mm. We summarize the data in Table 4. 

Table 4 Generated G-codes 
Hole number Generated G-code 

1 G130 A6.3 C1 D26 E26 F1280 H11 Q3 R0.8 S3200 U5 V41 Z0; 
2 G130 A6.3 C1 D30 E24.105 F1280 H11 Q3 R0.8 S3200 U5 V41 Z0; 
3 G130 A6.3 C1 D36 E23.298 F1280 H11 Q3 R0.8 S3200 U5 V41 Z0; 
4 G130 A6.3 C1 D45 E41 F1280 H11 Q3 R0.8 S3200 U5 V41 Z0; 
5 G130 A3.2 C1 D26 E26 F1280 H11 Q3 R0.8 S3200 U5 V41 Z0; 
6 G130 A3,2 C1 D30 E24.105 F1280 H11 Q3 R0.8 S3200 U5 V41 Z0; 
7 G130 A3.2 C1 D36 E23.298 F1280 H11 Q3 R0.8 S3200 U5 V41 Z0; 
8 G130 A3.2 C1 D45 E41 F1280 H11 Q3 R0.8 S3200 U5 V41 Z0; 
9 G130 A0.75 C2 D26 E26 F1280 H11 Q3 R0.8 S3200 U5 V41 Z0; 
10 G130 A0.75 C2 D30 E24.105 F1280 H11 Q3 R0.8 S3200 U5 V41 Z0; 
11 G130 A0.75 C2 D36 E23.298 F1280 H11 Q3 R0.8 S3200 U5 V41 Z0; 
12 G130 A0.75 C2 D45 E41 F1280 H11 Q3 R0.8 S3200 U5 V41 Z0; 

 
Next, we design twelve control programs using the data from Table 4. An example of the text 

of a control program for milling the first hole using the developed technological cycle is shown in  



Viktor GUZEEV, Alexander FILATOV, Alexey MOROZOV, 
Dmitry ARDASHEV, Anastasia DEGTYAREVA-KASHUTINA 

Design of parametric hole milling cycles on CNC machines 
 

 

22 

 
Figure 17. Control program for milling the first hole 

In the designed control programs, along with some G-code arguments for calling the developed 
technological cycle, the coordinates of the center of each hole in the XY working plane are also 
different. 

Results: 
1. The initial data is represented by thirteen parameters characterizing the geometry of the 

cutting tool, the geometry of the required machined surface, as well as parameters that determine the 
milling method, calculation method, cutting mode and starting points of the cutting tool path. 

2. Eight boundary conditions are identified that determine the permissible values of the input 
parameters. Based on these conditions, a system of inequalities was designed with a set of error 
messages to the user in case of incorrect input of the value of any of the input parameters. 

3. The developed algorithm for the technological cycle of milling holes with an end mill has a 
branched structure, since there is a choice between two methods for calculating the internal 
parameters of the cycle and two milling methods: down or up cutting. 

4. Calculation of the internal parameters of the technological cycle consists of calculating the 
coordinates of the points necessary to construct the helical path of the cutting tool and calculating the 
value of the maximum permissible value of the helical pitch within a given set of input parameters. 

5. The developed G-code of the technological cycle subroutine for a CNC machine makes it 
possible to calculate the tool motion, both along helical and conical helical paths, depending on the 
input parameters, which allows it to be used when programming milling of cylindrical and conical 
holes. 

6. It is impossible to visually simulate the conical helical path of a cutting tool using the CIMCO 
Edit control program editor, which leads to the need to verify the operability of the technological 
cycle directly on a CNC machine. 

7. The developed CONICALINT software is a visual addition to the developed technological 
cycle for milling holes, allowing the generation of a control G-code with a set of twelve arguments. 

8. Based on the developed technological cycle for milling holes, 12 control programs with 
different sets of input parameters were designed. According to these control programs, a group of 
operating steps was carried out and quality control of the processed surfaces was performed, which 
showed the compliance of the results of mechanical processing with the initial requirements. 
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Abstract: In the conditions of new realities, the main trends of the transition to innovative 
technologies in the world metallurgical industry, including steel production, were analyzed. The 
importance of using metallized iron in steel production is justified. The state of steel production in 
the world's leading countries was evaluated based on modern literature sources and statistical 
indicators. The main features of the transformation that will lead to the correction of the strategic 
development vector of the ferrous metallurgy industry in the conditions of tough competition and 
protection policy have been determined. It has been shown that despite the slow progress of the 
decarbonization process in the world metallurgical production, strategic orientations are aimed at the 
application of technological innovations and preservation of social and environmental priorities. 
Keywords: new realities, metallized iron, steel production, main trends, statistical indicators 

Introduction.  
In the conditions of globalization and new realities, tough competition and sanctions, as well as 

protectionist policies of national states, a number of trends are observed in the world ferrous 
metallurgy industry, including steel production. Statistical indicators characterizing the state of steel 
production in the world's leading countries provide sufficient grounds for assessing the objective 
picture [1,2]. 

It is noted that new innovative technologies have a number of advantages compared to the 
classic scheme of steel production. Thus, the use of a certain amount of metallized iron as a charge 
material in steel production allows solving the shortcomings of the classical scheme, including 
shortening the technological chain and reducing the dependence on coke use. The widespread 
application of electromelting in steel production has already made the abandonment of blast furnace 
technology, which is very harmful to the environment, in the main leading countries of the 
metallurgical industry [3-5]. That's why currently there is a strong growth dynamics of metallized 
iron production in the countries of the world. The advantages of metallized iron in electrosmelting in 
comparison with other components of the charge highlight its role in quality steel production [6]. 

After the post-pandemic period, the analysis of the development dynamics of steel production 
in the countries of the world from this context is of scientific and practical importance. The dynamic 
development of steel production with the application of electrosmelting, based on innovative 
technologies, including nanotechnologies, has been strongly observed in the Republic of Azerbaijan 
in recent years. 

Taking this into account, the analysis of the growth dynamics of steel production in the world 
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with the use of innovative technologies made by us allows to evaluate the directions of future 
development in this field. 

Main part.  
It is known that the main components of metal scrap for electric steelmaking processes are cast 

iron, black metal scraps and metallized raw materials (Direct Reduction Iron - DRI). An overview of 
the ranges of technological changes in the steelmaking industry is shown in table. It can be seen from 
the table that the greater variability of the charge is typical for the electro- steeling process. 

                                                                             Table 1.Share of steelmaking processes, % 
 

Indicators 
Oxygen 

converter 
process 

Electro-
steeling 
process 

Marten 
(scrap-ore) 

process 

Marten 
(scrap 

process) 
Share of the process in world steelmaking 69,8 29,0 1,2 
The share of the steelmaking process in the CIS 64,6 21,1 14,3 
Typical charge, %: 
- liquid cast iron 
- black metal scraps 
- metallized raw materials (DRI) 

 
75-80 
20-25 

- 

 
0-30 

30-100 
0-70 

 
25-55 
25-75 

- 
Max. share scraps in metallic slag   28 100 45 15 

Thus, the classic production scheme of steel can be described as follows (Fig.1).  

 
Figure 1. The classic scheme of steel production 

The following advantages of the classical scheme can be indicated: high degree of iron 
separation; high specific productivity; high heat f.i.e.; efficient use of energy resources. 
Disadvantages of the classic scheme include: high capital costs; the need for preliminary crushing of 
the shale; coke usage costs; low quality of ferrous scrap. 

New processes of obtaining iron.  
The main reasons for the emergence of new processes of iron production are the shortcomings 

of the classic scheme, including the need to shorten the technological chain and reduce the 
dependence on coke. That is why the new processes are called "direct purchase of iron" or "cokeless 
metallurgy". 

New processes of obtaining iron are divided into solid-phase and liquid-phase processes 
according to the type of semi-product produced, the share of the latter is very small, ie 5...6% of all 
non-coke metallurgy. Iron ore and iron ore logs are taken as primary raw materials in the new 
processes. Gasification products of natural gas or coal are used as a regenerator. Coal is used as a heat 
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source in liquid phase processes. The scheme of steel production from metallized product is shown 
in fig. 2 is presented. 

 
Figure 2. Scheme of steel production from metallized product 

It should be noted that numerous ideas and various implementation schemes have created 
numerous names of processes and products of alternative metallurgy. Let's list the most used of them: 
DRI (Direct Reduced Iron), SI, SPI (Sponge Iron), HBI (Hot Brignetted Iron), HDRI (Hot Direct 
Reduced Iron), CDRI (Cold Direct Reduced Iron), etc. In general, the scheme of production of 
metallized products is shown in Fig. 3 is presented. 

 
Figure 3. Scheme of metallized product production 

Fig. 4 shows the development dynamics of direct iron reduction processes in the total volume 
of DRI production during 2005-2010: (https://trends.rbc.ru/trends/innovation).  

 
Figure 4. Development dynamics of DRI production 

 

https://trends.rbc.ru/trends/innovation
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The technological scheme of the production of metallized products imposes certain 
requirements on the raw materials used and imposes some restrictions: 

- the metallization process is carried out in counterflows of solid materials and gases; 
- crushing of the two materials is required to improve gas permeability of the shale. 
Thus, the main disadvantages of new metallized iron production processes are: low specific 

capacity of aggregates; the need to use high amounts of iron and low amounts of loose rock and mixed 
shale; high demand for energy carriers and oxygen; high requirements for storage and transportation 
conditions. 

Non-furnace iron procurement facilities are mainly typical for developing countries (India, 
Venezuela, Iran, Mexico, Saudi Arabia) with small steel production and consumption. The dynamics 
of DRI production in a number of world countries are presented in the corresponding diagrams (Fig. 
5 - Fig. 9). 

 
Figure 5. Dynamics of DRI production in a number of countries 

 
Figure 6. Production of DRI in some countries in 2010 
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Figure 7. Cost of DRI production in the world 

 

 
Figure 8. Volume of world trade of DRI by product types 

 
Figure 9. Transportation share of DRI production 

It is clear that the main consumer of DRI is the production of electropolishing, because the share 
of DRI in the metallurgy can reach 70%. DRI has a number of advantages over other components of 
the system: 
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- stability of chemical composition; low sulfur and phosphorus; 
- absence of elements prone to liquefaction (lead, copper); high spreading weight; 
- the possibility of being fed to an electric furnace without stopping the melting process; 
- protection of electrodes from mechanical damage. 

The disadvantages of using DRI in electric furnaces are: 
- increase in energy consumption (every 10% DRI: +15kW.s/t); 
- increase in electrode consumption (every 10% DRI: +0.2 kg/t); 
- reduction of healthy metal yield (every 10% DRI: - 0.4%); 
- increase in thawing time (every 10% DRI: + 2.5 min); 
- an increase in the heat load on the masonry of the furnace. 
The pros and cons of DRI production and application are reflected in the price of DRI. 

Replacing 30% of scrap metal with similarly priced DRI increases steelmaking costs by about $8 per 
ton (Fig. 10). To ensure efficiency, the price of DRI should be ∼7% lower than the price of high-
quality scrap metal. 

 
Figure 10. Cost of steel with and without DRI 

The price dynamics of DRI and scrap metal in 2009-2012 is presented in fig. at 11: 

 
Figure 11. Price dynamics of DRI and metal scrap 
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[7] - in the "Metallurgical" scientific and technical bulletin, an analysis of the general trends of 
the development of the Russian and world metallurgical industry in the first quarter of 2023 was 
carried out. Factors affecting the results of the industrial sector were evaluated and forecasts for the 
upcoming period were given. It is noted in the bulletin that in 2023, the world prices of steel products 
continued to increase, but a certain decrease was observed against the background of the recovery of 
the Chinese economy. 

The prices of non-ferrous metals and alloys are formed under the influence of fluctuations in 
the dollar exchange rate and the threat of a possible decrease in the growth of the world economy. 
World steel production decreased by 0.1% during the investigated period. However, China and India 
increased their production of steel products, but other countries saw a slight decrease. A bigger 
decline was seen in metallurgy in sister Turkey, and the main reason for this can be explained by the 
devastating earthquake in the south-east of the country. 

Russian metallurgical production increased in the first quarter mainly due to non-ferrous 
metallurgical output, although ferrous metallurgical output decreased due to a sharp drop in exports. 
In non-ferrous metallurgy, there was an increase in the production volume of gold, silver and primary 
aluminum, copper and zinc, but a decrease in nickel production was observed due to repairs at 
"Norilsk Nickel" enterprises. 

Despite the significant decrease in the production of large-diameter pipes in Russia, the 
production of steel pipes in general increased again at a record level. Experts believe that 
metallurgical production in 2023 may remain at the level of 2022, provided that the stability of the 
world economy is ensured. 

In works [8-10], considerations were put forward about the future of Russian metallurgy. It is 
noted that in recent years the metallurgical industry in Russia has been developing and updating more 
actively than other sectors. New technologies and innovative solutions make it possible to improve 
product quality, increase production efficiency, and reduce production costs. The article focuses on 
the following recent innovations in Russian metallurgy. 

1. Use of nanotechnologies in steel production. The use of nanoparticles in steel production 
processes is considered one of the most promising technologies. Nanoparticles make it possible to 
improve the important properties of metal, such as strength, corrosion resistance, and resistance to 
thermal effects. 

2. Development of electrometallurgy. Electrometallurgy is characterized as a progressive 
technological process that opens wide opportunities for obtaining metals and alloys from their oxides 
and other by-products. In recent years, this technology has gained more popularity due to its 
undoubted advantages over the traditional blast furnace technology. The fact is that electro-
metallurgy has the possibility to be applied in the production of rare metals and alloys that are difficult 
to obtain by traditional methods. 

3. Application of new materials for construction and construction sector. Modern 
construction materials should be strong and light at the same time. One of the materials that meet 
such requirements is sandwich type composite steel. Sandwich-type composite steel consists of 
several layers of different materials, which make the steel strong as well as light. Composite steel also 
makes the product resistant to various types of corrosion and has sufficient longevity. 

4. Development of new types of equipment for the metallurgical industry. Modern 
metallurgical equipment should be more efficient and easy to use. In this context, one of the last 
successful operations can be considered a device for automatic welding under high pressure. This 
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technology allows welding metal structures with high speed and precision. 
Thus, the article concludes that despite all the difficulties, the development of Russian 

metallurgy continues. New technologies and innovative technical solutions make it possible to 
increase production efficiency, improve product quality and reduce production costs. Based on these 
trends, the metallurgical industry will continue to develop and will be able to maintain its position as 
one of the leading sectors in the country's economy. 

In cases no. [11-14] (Black metals, 2022, №2, DOI 10.17580/chm.¬2022.02.13) trends and 
prospects in the market of ferrous metals are analyzed in the context of the impact of the world crisis. 
The article examines the current state of the world and Russian ferrous metal markets. Special 
attention is paid to the formation of the metallurgical product price. Research is based on statistical 
and comparative analysis, as well as rating and prognostic assessment methods. 

It was determined that at the beginning of 2020, the main blow to the world metallurgical 
industry was the decrease in demand for metals and alloys against the background of the collapse of 
the economic activity of many states and entities within the framework of anti-coronavirus 
restrictions. 

The reasons for the sudden increase in demand and prices in the market of ferrous metals in 
2021 have been determined. The serious recovery of developed countries after lifting the lockdown 
in their economies, the implementation of long-term infrastructure projects, the shortage of metal 
resources in the world, the transition of the metallurgical industry to the "green" economy, etc. reasons 
are given. On the basis of established trends and expert opinions, perspectives of production, 
consumption and price formation in the market of metals, alloys and metal products were predicted.  

In the article "Analysis of trends in the world metal complex in the post-pandemic era: 
ferrous and non-ferrous metallurgy" (Innovation and investment, No. 3, 2021), the following 
results were obtained [15-21]: 

- the world steel market faced difficulties during the pandemic and showed a trend of decreasing 
production and consumption; however, the pandemic itself did not have a serious long-term negative 
impact on the field; 

- the revival of the metallurgical market has already been observed in the second quarter of 
2020, which can be mainly attributed to the gradual recovery of business activity in China; 

- the restoration of economic activity in the fields of steel consumption has led to an increase 
in the price of metal products and demand for steel in the world market; 

- cross-border restrictions have led to greater localization of a number of production and 
operations during the pandemic and post-pandemic period; 

- the need for maximum protection of human resources has created an opportunity to optimize 
supply chains due to robotization, automation, remote control and electronic commerce. 

Thus, unlike many other industries, the ferrous and non-ferrous metallurgy industry has been 
in a pre-crisis state since the second half of 2019. This situation was reflected in the decrease in 
demand and prices for basic metal products. Although the negative impact of the pandemic was 
significant, it did not have a dramatic negative impact on the field. 

In the post-pandemic period, the field quickly recovered its potential, and the main indicators 
of the metal market showed stable growth. The management systems of metallurgical companies have 
undergone significant changes, which has created the basis for increasing the efficiency of adaptation 
to modern world realities for the long term. 

In the article “Analysis of trends of the world metallic complex in the period of post-
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pandemic recovery: black and non-ferrous metallurgy” by A.C. Kharlanov, published in issue 
No. 3 of 2021, interesting facts attract attention [17]. 

The article shows that as a result of the spread of the coronavirus infection, product production 
in the world metallurgical industry decreased in 2020 to 1,850 million in 2019. 1,799 million from t. 
t, partially restored in 2021 to 1,900 mln. t, and 1,988 million in 2022. t organized. 

 
Figure 12. Dynamics of steel production in the world in 2011-2022 

Fig. 12, the dynamics of steel production in the world in 2011-2022 is described based on the 
data of Worldsteel website. Fig. In the 13th, the dynamics of the annual growth of steel production in 
the world during the same period is presented. Fig. 14 shows the annual dynamics of world steel 
consumption in 2011-2022. Again, the dynamics of steel production and consumption in the world 
for that period is shown in fig. It was presented on the 15th. Fig. Figure 16 shows the dynamics of 
iron ore price changes in the world market in 2016-2023. 

 
Figure 13. Dynamics of annual growth of steel production in the world in 2011-2022 

 
Figure 14. Annual dynamics of world steel consumption in 2011-2022 
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Figure 15. Steel production in the world in 2011-2022 and dynamics of consumption 

 
Figure 16. Iron ore on the world market in 2016-2023 

price changes 
 

Result.  
1. The advanced methods of metallized iron production, which determine the growth dynamics 

of steel production in the world with the application of innovative technologies, have been analyzed, 
and their positive and negative aspects have been examined. It was determined that the purchase of 
non-blast iron can be considered effective mainly for the production of electrosteel. Therefore, the 
volume of metallized iron production increases at an increasing rate every year and contributes to 
steel production. 

2. The modern state of the world's ferrous metallurgy was analyzed, new trends in steel 
production were determined under the conditions of globalization and new reality, tough competition 
and sanctions, as well as protectionist policy. The objective picture was evaluated based on the 
statistical indicators characterizing the state of metallurgical production in the world's leading 
countries. It has been shown that the development of ferrous metallurgy is characterized by the new 
reality of the modern world, constant change, geopolitical instability, constantly increasing tension 
and complexity. 
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Abstract: The article discusses the issues of determining and analyzing errors in the formation of gears by 
gear hobbing in the conditions of large-scale machine-building production. An analysis of some errors was 
carried out. The work identified the following main types of errors that arise during the machining of gears: 
radial, tangential, axial, producing surfaces. Each of these types has been analyzed in sufficient detail, and a 
table of the influence of errors in the technological system on the main parameters of the producing surface of 
the tool has been compiled. In addition, the work analyzes and systematizes the factors of the technological 
system that affect the accuracy of the formation of gears. All errors are considered in one small period of time 
and then approximated in time. This approach avoids the problem of heterogeneity of errors. Thus, a 
generalized universal model of the structure of machine errors is formed. Next, by obtaining mathematical 
models for each error, a model of the errors of the technological system is formed. The article provides a 
classification of hob gear cutters. Here we distinguish involute, convolute and Archimedean cutters. The article 
states that the errors in the relative positions of each conjugated point of the generating and machined contours 
are composed of: a) errors in the relative position of the tool and the workpiece in space, created by inaccuracies 
in the manufacture and setup of the machine and fixtures, as well as inaccuracies in the rolling movements; b) 
errors in the profile of the generating contour (tool) itself. It is indicated that in the manufacture of gears using 
the profile copying method, the errors of the tool itself and the location of the tool and the workpiece on the 
machine, the geometric accuracy and rigidity of the machine are of greatest importance. When machining gears 
using the rolling method, the kinematic and dynamic accuracy of the machine increases. An analytical 
dependence is provided—a formula—that considers a combination of factors affecting the accuracy of the 
tooth profile to varying degrees. The provisions put forward in this work in terms of accounting and 
systematization of gear machining errors play an important role. In conclusion, the article provides 
recommendations for improving the quality of processing of gear teeth, as well as constructing a three-
dimensional model of the interaction of three elements of the technological system: machine - hob gear cutter 
- workpiece.  
Keywords: gears, gear machining, machining errors, gear cutting tools. 

Introduction.  
One of the important tasks facing researchers is the ability to control the precision of 

manufacturing parts. Error minimization is a special case of part manufacturing quality management. 
Ensuring the accuracy of gears at the stages of roughing is an integrated task, the solution of 

which depends on many parameters: technological preparation of production, applied processing 
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methods, technical and technological discipline in production. 
Research. 
The task facing the researchers is to determine the dependencies of the precision of the toothed 

crown on the errors of the technological system, tool, basing, workpiece, etc. 
These include the manufacturing error of the worm cutter (ffr), the error of installing the milling 

cutter on the machine (fins.fr.), blank error (fworkp.), the error of installing the workpiece on the machine 
(fins.workp.), machine error (fmach.err.), measurement error (fmeas.). 

In accordance with GOST 1643-81, the error of the ffr tooth profile is the normal distance 
between the two nominal end profiles closest to each other, between which the actual end active 
profile of the tooth of the gear is placed. The actual end profile of a tooth is understood as the line of 
intersection of the actual lateral surface of the tooth of a gear wheel with a plane perpendicular to its 
working axis [1]. 

Thus, the calculated error of the tooth profile of the gear is a function of: 

. . . . workp. ins.workp. mach.err. meas.( , , , , , )fr calc fr inst frf F f f f f f f=                       (1) 

In accordance with GOST 1643-81, the tolerance for tooth profile error ff. 
Accordingly:  

. . . . workp. ins.workp. mach.err. meas.( , , , , , )f fr calc fr inst frf f F f f f f f f≥ =                      (2) 

After analyzing the existing error calculation methods, the following were identified: 
1. Systematic errors: 
- errors of the workpiece- errors of manufacture, basing; 
- machine errors- errors in the manufacture of individual components and their relative location, 

taking into account their wear during operation; 
- errors resulting from the forces and moments acting during processing. 
2. Random errors- uneven properties of the material of the workpiece, tool, etc. 
Random errors have an effect on the occurrence of scattering of the workpiece sizes processed 

under the same conditions [2, 3, 4, 5]. The size dispersion is due to many random causes that cannot 
be accurately determined beforehand and that manifest themselves simultaneously and independently 
of each other. Such reasons include fluctuations in the hardness of the workpiece material, 
fluctuations in the temperature regime of processing, elastic squeezing of the elements of the 
technological system under the influence of cutting forces, etc. 

The analysis shows that processing errors are not fully taken into account when calculating 
dimensional chains. Moreover, the errors selected manually from the reference literature are not 
systematized, implicit, automatic calculations of dimensional circuits, taking into account the errors 
that occur during machining, are insufficiently developed. 

Automated calculation of errors in this case is difficult, because it is necessary to simultaneously 
take into account the causes of errors and the laws of their change over time. It is proposed to consider 
the process of forming the lateral surface of the tooth of the gear ring of the wheel at a specific time, 
and then the resulting functional dependencies change over time. In this case, all errors can be 
considered static. Random errors at a particular time can be taken as constant values. The dynamic 
errors under these conditions depend only on the cutting parameters. 

Accounting for errors and determining the type of their relationship can be achieved by 
introducing intermediate coordinate systems (IC). According to the differentiation method, errors are 
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identified that occur at a certain level, starting from the coordinate system of the machine further 
towards the tool and the workpiece to the cutting point. The beginning of the SC node shows the 
spatial position of this node relative to the coordinate systems of the previous nodes and the machine 
as a whole.  

Each CI characterizes a specific i-th node of the machine tool system, thus the error of the i-th 
link is unambiguously described in the corresponding SC. And the interrelationships of the SC with 
each other determine the accumulated error. Geometrically, the accumulated error is a vector with a 
beginning in the (i-1)-th SC and an end in the i-th SC. The choice of the origin of coordinates for each 
SC is carried out in accordance with the standard coordinate system of the gear milling machine, 
which minimizes errors and reduces the number of SC. 

In order to determine the "degree of contribution" of the error of a particular node to the total 
error, all intermediate errors are systematized on the one hand according to the object of influence of 
the error - the location of the workpiece or tool. In order to ensure the completeness of information 
about errors, the differentiation (detailing) of the technological operation into individual elements is 
carried out according to the method of differentiation of TP into structural elements. 

Differentiation is carried out by "sequential movement" from the point of contact between the 
tool and the workpiece, moving from the consideration of microsystems to macrosystems. An error 
vector is calculated at each level (as the geometric sum of all error vectors taken into account at this 
level). 

All errors are considered in one small period of time and then approximated in time. This 
approach makes it possible to circumvent the problem of heterogeneity of errors. Thus, a generalized 
universal model of the machine error structure is formed. Further, by obtaining mathematical models 
for each error, a model of the errors of the technological system is formed.  

Consider the static error of the profile of a worm gear cutter. 
Roughing of the gear rings of cylindrical wheels is mainly carried out by worm gear cutters.  
The cutting edges (RC) of worm cutters are located on the surface of the coils of various types 

of worms. These worms are called the main ones. 
As is known, depending on the type of the main worm, worm gear cutters are classified as 

involute, convolute and Archimedean. 
The exact geometric shape of the main worm is determined by the condition of proper 

engagement of this worm and the gear wheel. Since proper engagement with an involute gear wheel 
forms only one type of worm- an involute worm, an involute worm must be adopted for theoretically 
accurate profiling of the worm. 

The main advantage of this worm is the presence of an involute profile in the end section, and 
a complex curved profile in the axial or normal section to the turns of the worm. Therefore, 
theoretically correct profiling of the worm cutter will be ensured when the cutting edges are 
positioned on the surface of the coils of the involute worm [6]. 

However, at present, in the manufacture of worm cutters, the main worms are used, which are 
shaped approximately according to Archimedean or convolute worms. 

The worm closest to the involute, Archimedean, is distinguished by a rectilinear trapezoidal 
profile in the axial section and a curved profile along the Archimedean spiral in the end section. This 
feature makes it easy to manufacture and control Archimedean worm cutters. 

The convolute worm has a rectilinear trapezoidal profile in a normal section along the turn, or 
in the hollow of the turns. In the same sections, a profile is set for worm cutters profiled on the basis 
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of convolute worms. 
In general, the theoretical profile of the cutting edge of a worm gear cutter, which is the line of 

intersection of the main involute screw and the front flat surface, is curved. Since the manufacture of 
a cutter with a curved RC of a given profile is quite difficult, in practice their profile is approximated 
by a straight line, a circular arc, three rectilinear sections or a hyperbola [7, 8]. 

In the article Lazebnik I.S. [9], the organic error of the profile of the cutting edge of the milling 
cutter resulting from processing is considered. 

The simplest and most common in practice is the profiling method, which consists in 
approximating the theoretical profile of the RC by a straight line segment. However, the value of the 
OP may be unacceptably large. If the approximating straight line passes through a point lying on the 
average calculated cylinder and is tangent to the theoretical profile of the RC at this point, then the 
maximum OP is observed at the points of the RC furthest from the specified point. 

The accuracy of the profile of the RC worm cutter depends not only on the profiling method, 
but also on the method of backing the teeth.  

The most common is radial backing with a disk circle, in which the angle Σ of the intersection 
of the axes of the cutter and the circle is equal to the angle (γmo) lifting the helical line of the main 
worm of the milling cutter on the middle design cylinder. With this method of backing, there is an 
error in the profile of the milling cutter tooth, which cannot be completely avoided, but can be reduced 
by choosing the parameters of the grinding wheel at a given angle Σ. 

The calculated error of the milling tooth profile, according to I.S. Lazebnik, is determined by 
errors that arise as a result of approximate profiling and backing of the milling tooth [9]. The 
calculated error of the milling cutter tooth profile fΣ in the axial direction and fΣn. The normals are 
determined from the expressions: 

,f f fΣ = ∆ −    n n nf f fΣ = ∆ −                                                            (3) 

where Δf- the organic error measured in the axial direction; Δfn and fn- OP and deviation of the 
tooth profile from the straight line caused by occlusion, measured according to the normal. 

Let's set the task of determining the error of the profile of a milling cutter with a front angle not 
equal to zero (γв≠0). 

The planes A-A, B-B and C-C intersect the axis of the milling cutter and the intersection points 
of the circle with a diameter of dm0 with the front surface, respectively, for the new non-threaded 
milling cutter, in the design section and for the fully re-threaded milling cutter (fig.1). Let's denote 
the angles between the planes of sections by φ1 and φ2.  

For a non-overfilled milling cutter, the radii of the circles of the protrusions of the depressions 
are greater than the corresponding radii in the calculated section by an amount: 

0
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π

∆ =                                                                            (4) 

For fully reworked cutters, the specified radii are respectively equal: 
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Fig.1. The scheme for determining the error of the tooth profile of the milling cutter with γв≠0 

 
The plane of the section B-B is symmetrical with respect to the planes A-A and B-B, thus the  

0

1 2 2
z

r r

K ϕ
π

∆ = ∆ =                                                                       (6) 

angles φ1= φ2= φ and.  
With overflows of error Δfn, fn and accordingly fΣn they may change. Obviously, all other things 

being equal, the change in error fΣn with overflows, the greater the value, the more К, z0 and φ. 
Many elements of the technological system have an impact on the accuracy of dental treatment. 

The article discusses the nature and classification of gear processing errors, as well as their impact on 
the accuracy of the gear being processed. A table of the influence of errors in the technological system 
on the main parameters of the producing surface of the tool is presented. 

The accuracy of gear processing of cylindrical gears, as well as the accuracy of mechanical 
processing in general, is influenced by the following main factors [10]: 

1. The accuracy of manufacturing the elements of the technological system (TS) — machine 
tool, attachment, tool, workpiece. 

2. The accuracy of the machine settings and the installation of tools and workpieces. 
3. Elastic deformations of TC elements due to instability of cutting forces and non-rigidity of 

these elements. 
4. Wear, thermal deformations of vehicle elements during processing, redistribution of internal 

stresses in the workpiece during various operations, etc. 
The geometric, kinematic and dynamic components of machine precision are distinguished. 

The geometric accuracy of the machine is determined by the accuracy of the dimensions, shape and 
relative position of the machine elements in a static state. The kinematic and dynamic accuracy of the 
machine is manifested during its operation. The first is determined by the accuracy of the mutual 
superposition of all elements of the vehicle during the entire processing time of the part, the second 
by fluctuations in the values of the kinematic accuracy of the machine due to the non—rigidity of its 
elements and periodic changes in the forces acting on them. The kinematic and dynamic accuracy of 
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the machine has a particularly great influence on the accuracy of tooth processing when processing 
teeth using the rolling method. 

The accuracy of the shape, dimensions and location of the lateral surfaces of the teeth is 
determined by the accuracy and constancy of the mutual positions of the producing contour and the 
product at each moment of time. The errors in the relative position of each conjugate point of the 
producing and processed contours consist of: a) errors in the relative position of the tool and the 
workpiece in space created by inaccuracies in the manufacture and configuration of the machine and 
tooling, as well as inaccurate running-in movements; b) errors in the profile of the producing contour 
(tool) itself. 

The kinematic accuracy of the machine does not matter in machines operating using the free-
rolling method (gear shaving, tooth-honing, tooth-rolling, tooth-grinding, etc.), since the running-in 
movement on these machines occurs as a result of direct engagement of the tool and the product. 

 
Fig.2 Technological system of the gear milling machine: 1- hob gear cutter, 2-gear 

In the manufacture of gears according to the method of copying the profile, the errors of the 
tool itself and the basing of the tool and the preparation on the machine, the geometric accuracy and 
rigidity of the machine are of paramount importance. In the manufacture of gears by the rolling 
method, the importance of the kinematic and dynamic accuracy of the machine increases. 

The nature and classification of dental processing errors 
All the processes of shaping and finishing the teeth of cylindrical gears are intermittent and 

periodic due to the intermittent location of the teeth of the wheel on its crown, the limited number of 
teeth of the tool, the nature of the interaction of the wheel and the tool during tooth processing. 
Sinusoidally varying gear working errors also occur due to the reasons of harmonic errors of rotating 
elements of the vehicle, the gear working machine (gears, shafts, blanks, tools, etc.) and errors of the 
teeth of the workpiece that occurred during previous operations. 

Practice shows [10] that in real gears, a limited number of harmonic vibrations are noticeably 
manifested, caused by: a) wheel installation errors during tooth formation; b) the beating of the 
dividing wheel in the gear machine; c) the beating of the worm of the dividing transmission of the 
machine; d) the beating of the gear cutting tool; e) the axial beating of the lead screw. 
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These inaccuracies are found accordingly: a) by the radial runout of the gear ring; b) by the 
accumulated error of the circumferential pitch measured from the base during gear processing; c) by 
the longitudinal stripes observed on the bevel-toothed wheels, or cyclic errors of the corresponding 
frequency; d) by sinusoidally varying profile errors; e) by the undulation of the lateral surface of the 
teeth of the bevel-toothed wheels. 

 
Fig. 3 Four types of errors in dental treatment: 1- radial, tangential, axial, producing surface  

Other periodic errors [11] have little effect under normal conditions and appear only when their 
values significantly exceed the technically permissible norms. The effect of all random errors, which 
do not have a periodic nature of change, is one percent of the total error of the wheel and can be 
considered separately with sufficient accuracy. 

The periods of fluctuations of the components of the periodic error of the wheel are 
interconnected by the ratio: 

1 2 32 3 ... iT T T iT= = = =                                                               (7) 

where T1 - the period of the main oscillation is equal to 2πn; n - the number of revolutions of 
the wheel during gear cutting; T2, T3, …, Ti - the periods of the components of the wheel error. 

Consideration of wheel errors in the form of a periodic function allows a new approach to 
solving a number of practical problems. The most significant of them are: finding product errors based 
on particular sinusoidal vibrations acting during the manufacture of gears; finding the correct methods 
for measuring the total periodic error of the wheel and decomposing it into a number of separate 
harmonic components during technological analysis to determine the period, amplitude and initial 
phase in order to detect the primary sources of the total periodic error of the wheel; finding links 
between periodic error and its manifestation during operation of this gear in transmission in the form 
of noise, vibrations, dynamic loads. 

The effect of individual errors that occur during gear processing can be reduced to four types 
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(Fig. 3): a) a change in the radial distance between the tool and the gear being processed — radial 
machining errors; b) a violation of the rolling of the tool and the product or inaccuracies of division 
— tangential machining errors; c) errors in tool movement along the axis of the product — axial 
processing errors; d) deviations of the producing surface of the tooth working tool — errors of the 
producing surface. 

Radial error tooth treatments occur due to errors in the basing of the product on the machine, 
the radial runout of the tool and periodic fluctuations in the position of the spindle of the product 
(table swing) or the tool. Radial machining errors are characterized by the fact that they remain 
constant in any axial section of the wheel. Many examples can be given of the causes of errors in the 
basing of the workpiece on the machine: the beating of the centers of the machine relative to the axis 
of rotation of the table, the beating of the center sockets of the workpiece relative to its mounting 
necks, the beating of the mandrel of the machine table relative to the axis of rotation, the beating of 
the part due to the gap when it is placed on the mandrel, the separation of the technological and 
installation base, for example, during alignment workpieces on the machine according to its outer 
diameter. 

Similar reasons cause radial runout of the tool: runout of the tool spindle seats, runout of the 
mandrel under the tool, gap of the tool landing on the neck or mandrel, tool manufacturing error. 

Tangential error [11, 12, 13] tooth processing occurs mainly due to a violation of the rolling 
of the tool and product in machines operating by the rolling method, or due to division errors in 
machines with a dividing mechanism. The sources of these errors are errors in the links of the 
kinematic chain of machine tools and mainly the final worm pairs or dividing discs of machine tools 
and lead screws that are included in the rolling chain. The tangential processing errors remain constant 
along each contact line. 

The axial error of the gear processing occurs mainly due to inaccuracies in the machine guides, 
the misalignment of the workpiece axis, and in some cases due to errors in the kinematic chain of the 
machine. The axial machining errors remain unchanged in each end section of the wheel. These errors 
cause a violation of the longitudinal contact, and in skew-toothed wheels, the high-altitude contact of 
the teeth. 

Errors in the producing surface of the tool arise due to the use of approximate methods of 
profiling the tool [9] or errors in its manufacture and sharpening. In addition to these errors, wheel 
inaccuracies related to the influence of the intermittency of the cutting process due to the feed and the 
finiteness of the number of cutting edges of the tool should also be included here [14]. Any deviation 
of the shape of the producing surface of the tool from the exact surface creates a profile error on the 
product, and when cutting bevel wheels, also an error of the contact line. Inaccuracies in the profile 
angle of the producing surface of the tool also cause deviations in the engagement pitch and direction 
of the contact line on the product, which leads to non-smooth operation of the straight-toothed wheels 
and a violation of the high-altitude contact of any wheels. 

The influence of errors in the technological system on the main parameters of the tool's 
producing surface is shown in Table 1. 

 
  



Michael PASHKOV, Ilya AVVAKUMOV, Heyran ABBASOVA, Elgun SHABIYEV, Irada ABBASOVA 
Analysis of errors occurring during tooth milling operations and technological system factors affecting the 

accuracy of tooth processing 
 

 

44 
 

Table 1. The influence of errors in the technological system on the main parameters of the 
producing surface of the tool 

Errors of the technological system 

The angle of 
intersection 

between the axes of 
the tool and the 

product, in º 

The parameter 
of the screw 

surface of the 
product 

The center-to-center 
distance between the 

tool and the 
workpiece, in mm 

ε P  Аw 

R
ad

ia
l 

er
ro

rs
 Errors in the installation of the workpiece + - + 

Tool installation errors: + - + 

Ta
ng

en
tia

l e
rr

or
s - misalignment of the milling cutter axis; - + - 

- radial runout of the cutter. - + - 
Kinematic error of the dividing wheel - + + 
The periodic error of the dividing wheel - + + 
Kinematic and geometric eccentricity of the 
workpiece - + - 

A
xi

al
 e

rr
or

s 

Periodic error (swing) the table + - + 
Cyclic errors of the worm and the dividing 
gear wheel of the machine + - + 

The inclination of the guides of the tool 
carriage in the longitudinal plane + + + 

Tilt of the table guides in the longitudinal 
plane + + + 

The inclination of the guides of the tool 
carriage in the transverse plane + - + 

Tilt of the table guides in the transverse 
plane - + - 

The end runout of the base end of the 
workpiece - + - 

Er
ro

rs
 o

f t
he

 p
ro

du
ci

ng
 su

rf
ac

e 
of

 th
e 

to
ol

 

Inaccuracies inherent in the slicing method 
Inaccuracy of the milling cutter tooth profile - + - 
The number of cutting edges of the cutter - + - 
Changing the shape of the cutting edges of 
the cutters as a result of their wear - + - 

Inaccuracy in the manufacture or reworking of the tool 
Inaccuracy of the milling cutter's producing 
profile (PP) - + - 

Deviation of the front surface of the milling 
cutter tooth - + - 

The error of the helical line and the steps of 
the mill rails - + - 

Single tool pitch errors (corresponding to 
local shear of the cutting edge) - + - 

Inaccuracy of the inclination or pitch of the 
screw chip grooves of the tool - + - 

The error of the cutter installation 
The runout of the main cylinder in the 
manufacture of a milling cutter relative to 
the control collars 

- + + 

The runout of the mandrel of the gear 
cutting machine relative to the axis of 
rotation 

+ + + 

Non-concentricity of the hole in the mill and 
the mandrel of the machine + + + 
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Conclusions. 
The considered method makes it possible to construct with sufficient accuracy a three-

dimensional model of the interaction of three elements of the technological system: a machine tool - 
a worm gear cutter- a workpiece. The technique allows us to take into account the relationship and 
the vector direction of the errors that occur. 

 The influence of errors in the technological cutting system on the calculated parameters of the 
producing surface of the tool has been established. 
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Abstract: The article examines the dynamic programming method based on the principle of optimality, 
analyzes the theoretical aspects of the method, as well as its use for analyzing a wide range of systems whose 
behavior in the future can be fully or statistically predicted based on their current state. The research results 
suggest that dynamic programming is used to solve a variety of tasks, including, but not limited to, the 
development of algorithms in the fields of machine learning, automated management and the definition of a 
management strategy for production systems. The paper presents aspects of the application of the dynamic 
programming method to solve practical problems of optimal process control, demonstrating its effectiveness 
and versatility in conditions of real operational constraints. 
Keywords: dynamic programming, mathematical model, object control, system behavior. 

Introduction. 
The mathematical description of the technological object determines the formulation and 

methods of solving the optimal control problem. The mathematical model of the control object is 
usually presented in the form of differential equations or systems of equations describing the 
dynamics of changes in the state of the system under the influence of external and internal factors. 
Object management involves the search for such a strategy of influencing the system, which will lead 
to optimal modes of conducting technological operations in accordance with the specified criteria [1, 
2]. The purpose of building a management algorithm is to optimize the operation of an object in 
accordance with specified efficiency criteria [3], which includes minimizing costs, maximizing 
productivity or achieving a certain quality of management [4]. 

The increasing volumes of production systems and their complexity lead to the need to 
formulate tasks for adapting management facilities to changing operating conditions of the facility 
[5], expanding the requirements for its efficiency and reliability. The management of complex 
systems using traditional methods becomes ineffective [6, 7]. Which leads to the need to develop new 
approaches and management methods [8] capable of ensuring high adaptability and optimal behavior 
of the object in real time [9]. To solve this problem, a dynamic programming method is used, which 
allows us to effectively find optimal management strategies based on the Bellman optimality principle 
[10]. To implement effective management, it is necessary to integrate a system with various levels of 
control, from monitoring and analytics to active process management [11, 12]. A systematic approach 
combining data from all levels and subsystems is the basis for managerial decision-making 
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Formulation of the problem. 
The dynamic programming method is used for a wide class of problems in the theory of optimal 

automatic control systems [13, 14, 15]. 
Consider the problem of controlling an object with the equation 

( )d ,
d
x f x u
t
=                                                                (1) 

where x is an n-dimensional vector with coordinates 1, , nx x… , and u is an r–dimensional vector 

with coordinates 1, , ru u… . Let 

( ) ,u Ф u∈                                                                        (2) 

and it is required to minimize the functional 

( ) ( )
0

, ,
T

Q G x t u t dt =  ∫                                                              (3) 

where, for example, we will consider T fixed for now. 
The dynamic programming method is based on the optimality principle formulated by R. 

Bellman for a wide range of systems whose future behavior is completely or statistically determined 
by their state in the present. Therefore, it does not depend on the nature of their "prehistory", i.e. the 
behavior of the system in the past, as long as the system is currently in this state. 

  

 
Figure 1. Illustration of the optimality principle 

 
To illustrate, consider the optimal trajectory in the n-dimensional phase space of Fig. 1 with the 

initial and final values of the vector x equal to 0x  at 0t t=  (usually 0 0t = ) and ( )T  x  at 0t T t= > . Let 

the initial conditions ( )0x  be given; the value of ( )T  x , generally speaking, is unknown. Note some 
intermediate point x′  of the trajectory corresponding to t t= ′ , where 0t t T< ′ < , and call the section 

of the trajectory from ( )0x  to x′  the first (1) in Fig. 1, and from x′  to ( )T  x  is the second (2). For the 

second section, as an independent trajectory from (3), we get [ ], 
T

t

G x u dt
′
∫ . The trajectory is optimal 

with the minimum value of the integral. The integral is minimal. The principle of optimality can be 
formulated as follows: the second section of the optimal trajectory is, in turn, the optimal trajectory. 
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Thus, the initial state of the system is x′  at the initial moment of time t t= ′ , then regardless of 
how the system came to this state, its optimal subsequent movement will be trajectory 2. Let's assume 
the opposite, then criterion (3), considered for the time interval from t to T, will be the smallest is not 
for trajectory 2, but for some other trajectory 2′ , starting from point x′ , and shown by a dotted line 
in Fig. 1. But in this case, it would be possible to build a "better" trajectory than trajectory 1-2, and 
for the initial task it is only necessary to choose the control u so that trajectory 1 and then 2 are 
described. We proceeded from the optimality of trajectory 1-2. The contradiction proves the 
impossibility of the existence of trajectory 2, providing a lower value of Q than trajectory 2′ . So, 
trajectory 2 is optimal. 

The optimality principle formulated above is a very general prerequisite for an optimal process, 
valid for both continuous and discrete systems. Only in the case when the endpoint is set 'с  from the 
first section at t t= ′ , the first section is also the optimal trajectory in itself. In this case, the state of 
the system at the time under consideration is understood to be the state corresponding to the point x′  
at time t t= ′ . 

Let's say the motion of a controlled object is characterized by a first-order equation 

( )1
d , ,
d
x f x u
t
=                                                              (4) 

where x is the only coordinate of the system, and u is the only control action limited to some 
area (2). Let the initial condition ( ) ( )00x x=  be given. Let's assume that we need to find a control law 

u(t) that minimizes the integral 

( ) ( )
0

T

1 1
t

Q G x,u dt φ , x T = +  ∫                                                       (5) 

where 0t  will usually be considered equal to zero, and the value of Т const= . Let's replace the 
continuous system with a discrete-continuous one from the point of view of convenience of machine 
calculations, as well as determining the class of functions under consideration. The main scope of the 
dynamic programming method lies precisely in the field of discrete-continuous or purely discrete 
systems, or systems approximated to them. 

We divide the interval (0, T) into N equal sections of small length ∆  and consider only the 
discrete values ( )x x k=  and ( )( ) 0,1, ,u u k k N= = …  at time points 

0,1 , 2 , , , –1 ,    ( )t k N N Т= ∆ ∆ … ∆… ∆ ∆= . Then the differential equation (4) of the object can be 
approximately replaced by an equation in finite differences 

( ) ( ) ( ) ( )1

1
, ,

x k x k
f x k u k

+ −
 =  ∆

                                               (6) 

or 

( ) ( ) ( ) ( )1 , ,x k x k f x k u k + = +                                              (7) 

were 

( ) ( ) ( ) ( )1, , .f x k u k f x k u k   = ∆                                                   (8) 

The initial condition remains the same:  
( ) [ ] 0

0
0 .

t
x x x

=
= =                                                             (9) 

The integral (5) is approximately replaced by the sum 
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( ) ( ) ( )
1

0

,
N

n

Q G x k u k x Nϕ
−

=

   = +   ∑                                               (10) 

were 

( ) ( ) ( ) ( )
( ) ( ) ( )

1

1 1

,  ] ,  ,

 

G x k u k G x k u k

x N x N x Tϕ ϕ ϕ

   = ∆  


     = ∆ =      
                                         (11) 

The task is to determine the sequence of discrete values of the control action and, i.e., the values 
u (0) and u (1) ..., u (N – 1) minimizing the sum (10) under conditions (2), (7) and (9). Thus, it is 
required to find the minimum of the function of many variables and the method of dynamic 
programming makes it possible to reduce this operation to a sequence of minimizations of a function 
of one variable. 

We realize the movement from the end of the process, from the moment   t Т= , to its 
beginning. We consider the moment ( )1t N= − ∆ . The values )  0  ( ) , 1 , 2(u i i N= … − , except for the 

last ( )1  u N − , have already been implemented in some way, and some value ( )1x N −  corresponding 

to the moment ( )1t N= − ∆  has been obtained. According to the principle of optimality, the impact 

of ( )1  u N −  does not depend on the "background" of the system and is determined only by the state 

of ( )1x N −  and the purpose of management. Consider the last section of the trajectory from 

( )1t N= − ∆  to t N= ∆ . The value of ( )1  u N −  affects only those terms of the sum (10) that relate 

to this section. Denote the sum of these terms by 1NQ − : 

( ) ( ) ( )1 1 , 1NQ G x N u N x Nϕ−    = − − +                                            (12) 

From (7) we get 

( ) ( ) ( )1 1x N x N f x N = − + −                                                   (13) 

Therefore, ( )x N  also depends on ( )1  u N − . Let's find an acceptable value ( )1  u N −  satisfying 

(13) and minimizing the value 1NQ − . Denote the found minimum value 1NQ −  by 1NS − . This value 

obviously depends on the state of the system at ( ) –  1t N= , i.e. on the value of ( )1x N −  included 

in (12) and (13). So, ( )1 1 1N NS S x N− −  = −  . Let's write an expression for 1NS − : 

( )
( ) ( ) ( ) ( )

( ) ( ) ( ){ }

( ) ( )
( ) ( ) ( ) ( ){ }

N 1 11 1

1

S x N 1 min min 1 , 1

min 1 1 1 , 1

Nu n u u n u

u n u

Q G x N u N x N

G x N x N f x N u N

ω ω

ω

ϕ

ϕ

− −− ∈ − ∈

− ∈

     − = = − − + =     

    = − + − + − −    

       (14) 

To define 1NS −  is required to minimize only the variable ( )1  u N − , 1NS −  we get a function from 

( )1x N − , then fix the resulting value. Let's move on to the penultimate section, considering two 

sections – the last and the penultimate, note that the choice of ( )  – 2u N  and ( )1  u N −  affects only 

the summands (10) included in the expression 

( ) ( ) ( ) ( )2  2 , 2 { [ 1 , ( 1}] }NQ G x N u N G x N u N x Nϕ−    = − − + − − +                      (15) 
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The value ( ) 2x N −  at the initial moment of the penultimate interval, obtained as a result of the 

prehistory of the process, will be considered set. It follows from the principle of optimality that only 
the value of ( ) 2x N −  and the goal of control – minimizing 2  NQ −  – determine optimal control in the 

area under consideration. Let's find the value 1NS −  – the minimum of 2  NQ −  by ( )  – 2u N  and 

( )1  u N − . But the minimum of ( )1  u N −  in (15) has already been found for each value of ( )1x N −

, and the latter depends on ( )  – 2u N . In addition, when minimizing 1NQ − , the corresponding optimal 

value ( )1  u N −  is found along the way; we denote it by ( )*  1 u N − . If you also consider that the rst 

term in (15) does not depend on ( )  – 2u N , we can write: 

( )
( ) ( )
( ) ( )

( ) ( )
( ) ( ) ( ){ }

( ) ( )
( ) ( ) ( ) ( )

2 2 12 2
1

12

 2  min 2 , 2  1

{ 2 , 2  2 , 2 ]}

N N Nu N u u N u
u N u

Nu N u

S x N Q min G x N u N S x N

min G x N u N S f x N u N

ω ω
ω

ω

− − −− ∈ − ∈
− ∈

−− ∈

     − = = − − + − =     

   = − − + − − −   

 

because of (7) implies ( ) ( ) ( ) ( ) 1    2     2 ,  2 . x N x N f х N u N − = − + − −    

Note that the minimization is performed using one variable ( )  – 2u N . In this case, we find 

( )* 2u N −  – the optimal value of u ( )  – 2u N  – and the value N 2S −  – the minimum of the function 

2  NQ − . Both ( )* 2u N −  and N 2S −  are functions of ( ) 2x N − . Now we fix the value of N 2S − . It is 

important to note that the found optimal value ( )* 2u N −  minimizes the entire expression in the curly 

bracket of the formula N 2S − , and not specifically the summand ( ) ( )2 , 2G x N y N − −  . Therefore, 

a strategy in which each value of ( ) u N j−  is chosen by minimizing only a specific term 

( ) ( ), G x N j y N j − −   in the sum (10) is not at all optimal. The optimal strategy takes into account 

the ultimate goal, i.e. minimizing the entire expression in the curly bracket, depending on ( ) u N j− . 

Let's continue the procedure of moving from the end to the beginning of the interval (T, 0). 
Taking into account the third section from the end requires consideration of that part of the sum Q, 
which depends on ( ) 3u N − . Let's denote this part by 3NQ − : 

( ) ( )
( ) ( ) ( ) ( ) ( ){ }

3 3 , 3

2 , 2 1 , 1

NQ G x N u N

G x N u N G x N u N x Nϕ

−  = − − + 

     + − − + − − +     
 

Based on expression (13), we write ( ) ( ) ( ) ( )2   3 3 , 3x N x N f x N u N − = − + − −  .  Next, the 

minimum of the expression in the curly bracket in the expression 3NQ −  is ( )N 2S x N 2−  −  . Therefore, 

the minimum N 3S −  of the expression 3NQ −  is equal to 

( )
( ) ( )

( ) ( ) ( ){ }

( ) ( )
( ) ( ) ( ) ( )

3 23

23

 3 3 , 3  3

{ 3 , 3  3 ,  3 ]}

N Nu N u

Nu N u

S x N min G x N u N S x N

min G x N u N S f x N u N
ω

ω

− −− ∈

−− ∈

     − = − − + − =     

   = − − + − − −   
 

Passing in a similar way to 4 , ,N N kS S− − , we obtain the recurrent formula 
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( )
( ) ( )

( ) ( )

( ) ( ) ( )1

{ , 

  ,   }

N k u N k u

N k

S x N k min G x N k u N k

S x N k f x N k u N k
ω− − ∈

− +

   − = − − +   

   + − + − −   
                              (16) 

In parallel, we determine the optimal value of *u , depending on ( )x N k−  

( ) ( )* *   u N k u x N k − = −                                                         (17)  

And the minimizing expression in curly bracket (16). Calculating by formula (16) sequentially 

N kS −  for  1,  2,  ,k N= … , we come to determine the optimal value of ( )* 0u , i.e. the value of the 

control action required at the initial moment of time. Simultaneously with determining the value of 
( )0u , we obtain 0S , i.e. the minimum value of the criterion Q under optimal control. The analytical 

expression of the minimization results turns out to be impossible; therefore, this procedure is 
performed numerically. The solution process is transferred to an object of any order n with equation 
(1) and any number of control actions ( ) 1, ,lu l r= … . It is only necessary to replace the scalars x, u, 

f in the above formulas with vectors x, u and f. In this case, vectors should be introduced for the kth 
instant of time t k= ∆  

( ) ( ) ( ){ }
( ) ( ) ( ){ }

1

1

, , ,

, , .
n

r

x k x k x k

u k u k u k

 = …


= …
                                                    (18) 

Here ( )ju N k−  is the j-th control action, and ( )jx N k−  is the j-th coordinate at the moment 

( )t N k= − ∆ . 

Let's replace the differential equations (1) with equations in finite differences, and the integral 
(3) with the sum. Then the reasoning, which is completely similar to the above, shows that formula 
(16) is replaced by the expression 

( )
( ) ( )

( ) ( )

( ) ( ) ( )1

{

 }

, 

  ,  

N k u N k u

N k

S x N k min G x N k u N k

S x N k f x N k u N k
ω− − ∈

− +

   − = − − +   

   + − + − −   
                             (19) 

The calculation procedure is similar if in f it clearly depends on time. 
Next, at each stage, we find the minimum of the function r of the variables 

( ) ( )1 , , ru N k u N k− … − , the optimal values are the scalar N kS −  and the vector ( )*u N k−  - the 

essence of the function of the vector ( )x N k− , i.e. the function n variables ( )1 ,( ) , nx n k x n k− … − . 

Dynamic programming is not a solution to any problem, at one time the method was not used 
because of the so-called curse of dimensionality. With the development of computer technology, 
instead of analytical patterns, it became possible to search for solutions in the form of graphs or tables, 
i.e. calculation procedures until the desired result is obtained. The simpler the calculation procedure, 
the better the method. Dynamic programming is characterized by a radical simplification of the 
calculation procedure in comparison with the direct method of solving the problem. Indeed, the 
problem of minimizing the sum (10) can be considered as the problem of minimizing the function of 
N variables ( ) ( ) ( ) 0 , 1 , ,  1 u u u N… − . 

To solve the minimization problem, it is necessary to express each x(k) as a functional 
dependence on all previous control actions ( ) ( )0 ,   1 u u k −  (and initial conditions) using formula (7), 
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i.e. to find a solution for x(k) in general form. As a result of such a replacement, expression (10) will 
become more complicated, and finding the smallest of possibly several minima with a large number 
of variables is also difficult. 

Meanwhile, dynamic programming allows you to replace the minimization of a complex 
function of many variables with a sequence of minimizations. At the same time, in each of the 
minimization processes, the minimum of a much less complex function of one or more variables (n 
variables for an object of the nth order) is determined. Therefore, using dynamic programming, it is 
possible to solve a number of problems that are unsolvable by direct minimization. It does not follow 
from the above that the direct method is always unacceptable, it is applicable with a limited number 
of variables. In general, dynamic programming provides a significant rationalization of calculations 
compared to the direct method. In this case, the solution can be extremely cumbersome. Indeed, at 
each stage of calculations, it is necessary to find and memorize the functions ( ) N kS x−  and ( )1  N kS x− +

, i.e., in general, two functions of n variables. Memorizing such functions for large values of n requires 
a significant amount of memory and in difficult cases is practically achievable only with the help of 
any approximations. 

The described technique is transferred without fundamental changes to optimal systems with 
random processes. To illustrate, let's consider an example in which, in addition to u, a random 
disturbance z acts on an object of the first order. Then equation (7) will be replaced by equality  

( ) ( ) ( ) ( ) ( )1  , ,  x k x k f x k u k z k + = +                                               (20) 

where z(k) are the discrete values of the disturbance. Now x(k) and criterion (10) become 
random variables. Therefore, as a new criterion Q, the value of which needs to be minimized, we 
choose the mathematical expectation of expression (10), and we also introduce z into the number of 
arguments G for generality: 

( ) ( ) ( ) ( )
1

0

, , 
N

n

Q M G x k u k z l x Nϕ
−

=

 
   = +    

 
∑                                        (21) 

Here M is the mathematical expectation. In this example, we will consider the values z(i) and 
z(j) for j to be independent and assume that the densities of distributions 

( ) ] [ ( )) ( )0 , 1 , ... . . . ,  P z P z P z N     are known. Using the proposed method, we first find a function 

for each fixed ( )1x N −  

( )
( ) ( )

( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1 11

1

1

1 min

min { 1 , 1 , 1

1 1 , 1 , 1 }

min 1 { 1 , 1 , 1

1 1 , 1 , 1 } 1 . 

N Nu N u

u N u

u N u

S x N Q

M G x N u N z N

x N f x N u N z N

P z N G x N u N z N

x N f x N u N z N dz N

ω

ω

∞

ω
∞

ϕ

ϕ

− −− ∈

− ∈

− ∈
−

 − = 

 − − − + 

  + − + − − − =  

   = − − − − +   

  + − +

=

− − − −  

=

∫

                           (22) 

When minimizing, the optimal value of ( )*u x N k −   is determined simultaneously. Having 

memorized ( )1  1NS x N−  −  , we find the following function 
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( )
( ) ( )

( ) ( ) ( )

( )
( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

2 2

1 2

1

2 min { 2 , 2 , 2

1 } min 2 { 2 , 2 , 12

2 [ 2 , 2 , 2 } 2 .

N u N u

N u N u

N

S x N M G x N u N z N

S x N P z N G x N u N z N

S x N f x n u N z N dz N

ω

∞

ω
∞

− − ∈

− − ∈
−

−

   − = − − − +   

     + − = − − − − +     

 + − + − − − − 

∫        (23) 

The solution methodology turned out to be essentially the same as for regular systems. A similar 
technique is applicable to an object of any order. We can also consider more general problems in 
which ( )Р   z i    are unknown in advance, and some optimal procedure for processing observations 

allows us to accumulate information about the densities of distributions. 

Solution of the problem 
The dynamic programming method, with some additional assumptions, can be applied to the 

study of continuous systems. Let the motion of an object be characterized by the equations 

( )d , , . 
d
x f x u t
t
=                                                         (24) 

At the initial moment of time 0t , the vector x is equal to ( )0x , and the optimality criterion has 
the form,  Т const=  

 ( )
0

 , , d
T

t

Q G x u t t= ∫                                                       (25) 

Let's assume that an optimal trajectory has been found leading from the starting point ( )0x  to 
the end point ( )Tx . The minimum value of the criterion Q corresponding to the optimal trajectory is 

denoted by ( ) ( )( )0 0 , S x t . According to the principle of optimality, the section of the trajectory from 

the point x corresponding to the moment 0t t>  to the endpoint ( )Tx  Fig. 2 is also the optimal 
trajectory, and the part of the criterion Q corresponding to this section and the time interval from t 
to T has the minimum possible value.  

  

 
Figure 2. Illustration of the optimality principle, continuous case 

Let's denote this value by ( ) , S x t t   . Let t∆  be a small period of time, and 

( ) [ ] t , t  , S x t t S x t ′+ ∆ + ∆  ′=  be the minimum value of the part of the integral Q that corresponds 
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to the optimal area trajectories from point ( )tx t x+ ∆ = ′  to the end point ( )Tx  and, consequently, the 

time interval from tt t+ ∆ = ′  to T. The ratio between [ ] , S x t′ ′  and [ ],S x t  is completely analogous 

to formula (19); you just need to write [ ],S x t  instead of ( ) N kS x N k−  −  , [ ] , S x t′ ′  instead of 

( )1  1N kS x N k− +  − +  , finally, ( ) ( ), , G x t u t t t  ∆   instead of ( ) ( ), G x N k u N k − −  . The last 

substitution was made in the first of the equations (11). Since t∆  is a small but finite period of time 
and replacing the differential equation with an expression in finite differences is inaccurate, it is 
necessary to add the expression 10 ( )t∆  to some equality, i.e. the magnitude of the order of smallness 
is higher than t∆ : 

( )1

0

0
0

t

t
Lim

t∆ →

∆
=

∆
                                                             (26) 

Instead of (19) can be written: 

[ ]
( ) ( )

[ ] [ ]{ } ( )1, min , , , 0
u t u

S x t G x u t t S x t t
ω∈

′ ′= ∆ + + ∆                                 (27) 

The dependence of (27) is possible to obtain and regardless of the discrete case discussed 
above. Indeed, according to the definition 

[ ]
( ) ( )

( ) ( ), min , ,     
T

u t u
t

S x t G x u d t T
ω

τ τ τ
∈

= ≤ ≤∫                                     (28) 

Here S is the minimum value of the integral obtained on the set of all permissible controls 
( ) u τ in the range from t to T. The integral (28) can be represented as the sum of two terms 

corresponding to the intervals from t to tt + ∆  and from tt + ∆  to T. Since t∆  is small, you can write 

[ ]
( ) ( )

( ) ( ) ( )1, min [ , , , , ] 0  
T

u t u
t

S x t G x u t t G x u v dv t
ω∈

′

= ∆ + + ∆∫                           (29) 

where t∆  is considered small, and ( )1 0 t∆  is of the order of smallness higher than t∆ . Since 

the first term in the square bracket (29) depends only on the value of u(t) at time t, and only the 
integral in the square bracket also depends on the values of u(v) in the interval of change of v from 

   t t t≠ +∆′  to T, then you can write 

[ ]
( ) ( )

( )
( ) ( )

( ) ( )

( ) ( )
( ) [ ]{ } ( )

1

1

, min [ , , , , ] 0

, , , 0

T

u t u u t u
t

u t u

S x t G x u t t min G x u t dv t

min G x u t t S x t t

ω ω

ω

∈
′

∈

∈
′

=

′

= ∆ + + ∆

= ∆ + + ∆

∫
                  (30) 

Here, under the sign of the minimum is the value u(t) at time t, formulas (30) and (27) coincide. 
Just as in (19), it should be noted that ( ) tx x t= +∆′  depends on u(t). From (24) we find for small 

t∆  

( ) ( ) ( ) ( ) ( ) ( ) ( )2 2    0 , ,   0 ,dxx x t t x t t t х t f x t u t t t t
dt

 = + ∆ = + ∆ + ∆ = + ∆ + ∆ ′              (31) 

where ( )20  t∆  is a value of the highest order of smallness compared to t∆ . Formula (31) is 

similar to expression (17). 
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Now suppose that the function ( )·S  really exists, is continuous and has partial derivatives with 

respect to the variables ( )1, ,ix i n= … , and with respect to t, i.e. all ( )S /   1, .,ix i n∂ ∂ = …  and S /  t∂ ∂  

exist, the validity of the subsequent conclusion depends on the validity of the given assumption. If 
the latter is not justified, then the reasoning is only heuristic in nature. However, there are cases 
when the assumption is unfair, and the application of dynamic programming to continuous systems 
needs, as shown in a number of works, in general, additional justification. 

Substitute the expression  x′  from (31) into formula (27) and decompose [ ] , S x t′ ′  into a Taylor 

series in the vicinity of point (x, t) we get: 
( )

( ) ( ) ( )

[ ] [ ] [ ] [ ] ( )

2

3
1

 [ , ] , 

[ ( { , , 0 ; ]

, ,
, , , 0 ,

n

i
i i

S x t S x t t t t

S x t f x t u t t t t t t

S x t S x t
s x t f x u t t t t

x t=

 = + ∆ + ∆ = 
 = + ∆ + ∆ + ∆ = 

∂ ∂
= + ∆ + ∆ + ∆

∂

′

∂

′

∑

                             (32) 

 where ( )30 t∆  is the value of higher order of smallness compared to t∆ . We can write the 

formula in a more compact, introducing the gradient of the function S(x, t) is a vector with the 
coordinates of ( )/   1, .,iS x i n∂ ∂ = …  

1

  , ,
n

S Sgrad S
x x

 ∂ ∂
= … ∂ ∂ 

                                                     (33) 

Then (32) takes the form 
[ ] ( )

[ ] [ ] ( ) ( ) [ ] ( )3

 , , 

,
,  , , , , 0

S x t S x t t t t

S x t
S x t grad S x t f x t u t t t t t

t

 = +′ ′ ∆ + ∆ =
∂

 = + ∆ + ∆ + ∆  ∂

                     (34) 

Substituting (34) and (27) and taking out the values [ ], S x t  and / ,S t∂ ∂  independent of u(t), 

the formula takes the form: 
[ ]

( ) ( )
( ) ( ) [ ] ( ) ( ){ } ( )4

u t ω u

, 0
 min , ,   , , , ,  

S x t t
G x t u t t grad S x t f x t u t t

t t∈

∂ ∆
   − = + +   ∂ ∆

          (35) 

where ( )40 t∆  is a value of the highest order of smallness compared to t∆ . Now let's aim t∆  

to zero, since ( )40 t∆  obeys condition (26), then the last term in the right part (35) disappears at 

0t∆ → . Therefore, in the limit we get 
[ ]

( ) ( )
( ) ( ) [ ] ( ) ( ){ }

u t ω u

,
 min , ,   , , , ,

S x t
G x t u t t grad S x t f x t u t t

t ∈

∂
   − = +   ∂

               (36) 

Expression (36) is called the Bellman equation and is a partial differential equation. 
To concretize the theoretical calculations, let's look at an example. Let 1r =  and  2n =  be in 

the special case, and 1 2( , )G G x x=  and the only control action is denoted by i. The equations of the 
object are: 

21 2
1 1 2 2,x xf ux x f u

t t
∂ ∂

= = + = =
∂ ∂

                                            (37) 

Then equation (36) takes the form ( [ ],   S x t  replaced by S) 
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 ( ) 2
1 2 1 2

1 2

  min{ ( , )
u

S S SG x x ux x u
t x x

∂ ∂ ∂
− = + + +
∂ ∂ ∂

                                 (38) 

Assuming that 2/  0S x∂ ∂ > , we find the minimum of the curly bracket in u, equating the 
derivative to zero. The optimal value  *u  that minimizes the square bracket we write in the form 

 *
1

1 1

1 1
2 /

Su x
x S x
∂

= −
∂ ∂ ∂

                                                   (39) 

Substituting (39) the expression in equation (38), we obtain the partial differential equation: 

( )
2

2 1
1 2 2 1

1 2

( / ),
4 /

S xS SG x x x x
t x S x

∂ ∂∂ ∂
− = + −
∂ ∂ ∂ ∂

                                     (40) 

The partial differential equation (40) can be solved, since the boundary conditions are known 
for it, S[x,t] is a known function. For example, for criterion (5) it is ( )1 , x Tϕ    , since for 0t T=  the 

integral in (5) is zero. For criterion (25), the function S[x,t] is zero. Knowing the boundary function 
S[x,t], it is possible to integrate equation (40) by some known method. One of the usual methods of 
approximate integration consists in discretizing the problem and solving the resulting recurrence 
relations of the form (19). In some cases, it is possible to find an approximate solution in another 
way or even obtain an exact solution in a closed form. The resulting value of  *u  represents optimal 
control.  

Results and conclusions. 
Based on equation (36), dependence (38) is obtained, which describes the change in the function 

S [x, t] over time depending on the parameters 1x  and 2x , as well as the control parameter u. This 

equation minimizes an expression involving the function 1 2( ),G x x , linear and quadratic terms by u. 
The derivative of u is zero, which makes it possible to find the optimal value of  *u , which minimizes 
this expression, when substituted in (38), we obtain dependence (40), solved under given boundary 
conditions for S [x, t]. The boundary conditions for S [x, t] can be different, depending on the context 
of the problem, as indicated in studies with criteria (5) and (25). Using these conditions, equation (40) 
can be integrated by various methods. One of the most common approaches is the discretization of 
space and time and the subsequent solution of recurrence relations. It is also possible to find an 
approximate or exact solution to the equation in a closed form. 

Finding the optimal control is an important result, since it allows not only to solve the partial 
differential equation, but also to optimize the control process depending on the given conditions and 
parameters of the system [16]. This emphasizes the importance of accurately determining the function 
S [x, t] and its initial or boundary values for the successful application of optimal control methods. 
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Abstract: The issues of the formation of physical and mechanical properties in polymer composite materials 
consisting of reinforcement (glass fiber) and a matrix (resin) are considered. The reasons causing failures in 
polymer composite materials of the specified type and products based on them are given. The dependence of 
the average strength and ultimate relative strain of monofilaments on their length and diameter has been 
studied. The effect of defects on the surface of reinforcing glass fibers on their strength has been studied. It is 
shown that with an increase in the length of glass fiber, defects of various types are formed on its surface. An 
empirical formula for the rate of fiberglass cracking is given. It is shown that the second stage of the glass fiber 
destruction process is poorly described by a power function with a constant exponent when the level of 
unloading stresses changes. The dependence of the nominal voltage on the actual voltage in glass fibers is 
obtained for various values of the coefficients of variation. It is shown that the main processes of interaction 
between the resin and the fiber occur either at their interface or in the border zone. 
Keywords: length, diameter, polymer composition. matrix, fiber, strength, elongation, failure, cracking   

Introduction.  
The problem of quality and reliability of materials, products and structures is one of the pressing 

problems of modern scientific and technological development. This problem is very important for products 
and structures made from structurally inhomogeneous heterogeneous materials, which include polymer-based 
composite materials. These materials are characterized, along with high performance characteristics, by 
significant variability in physical and mechanical properties, the existence of various defects in them, and 
heterogeneity of composition and structure. Therefore, when designing products and structures from these 
materials, it is necessary to significantly increase the safety factors, which lead to an increase in their metal 
consumption, as well as in cost [1,2,3,4,5]. Of particular importance in solving the problem of quality and 
reliability of products and structures made of polymer composite materials (PCM) are effective methods and 
means of control. In this case, the greatest attention is paid to non-destructive methods and means of control. 
Thus, the use of non-destructive methods and control means allows for express analysis of the emerging 
technological characteristics of the product material and structure during its manufacturing process without 
any testing or stopping the production process. This ensures stability of the values of technological modes and 
contributes to a significant reduction in the number of defects formed in the finished structure.  

Discussion of results.  
In the figure and table. The dependence of the average strength of microfibers on the length and 

diameter of the fiber is given. 
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Figure. 1. The dependence of the average strength σb of monofilaments on their length: 

l - monofilament diameter; d=5µm; 2-d=6.0 µm; d=12.4 µm; 4-d=22.0 µm; 
3-d=40µm; 6-d=120µm; 

 
                                              Table.1. Strength of the fiber depending on its diameter and length. 

Length of fiber 
l, mm 

Diameter of fiber 
d, µm 

Tensile strength  
σb, MPa 

5 9,0 1550 
10 9,7 1250 
20 10,0 1200 
45 9,0 1160 
90 9,6 750 

190 9,6 850 
1600 10 700 

  
This study shows that the elastic modulus of PCM is not affected by the diameter and length of the 

fibers, that is, the elastic modulus of the fibers practically does not depend on their size. [6,7,8]. The 
dependence of strength and ultimate (failure) relative deformation on fiber diameter is shown in Figure 2, from 
which it can be seen that the dependence is linear until failure; with increasing fiber diameter, the ultimate 
deformation decreases. [9,10,11].  

 
Figure. 2. Dependence of strength σb  and maximum relative deformation ε on fiber diameter:    – d = 100 

µm;  Δ – d =50 µm; 
  - d=20 µm;      - d=20 µm. 

From the data given in Table 1 it is clear that with increasing length of a fiber of constant diameter, a 
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change in these parameters occurs due to defects randomly distributed along its length. 
 
a) 

 
b) 

 
Figure. 3. Effect of defects on the strength of glass fibers:  

a – probability density curves of strength limits,  
b – integral distribution curves of strength limits in the presence of defects of types A and C. 

 
We have made a classification of glass fiber defects, which are divided into three main types: A - internal 

submicrocracks measuring 10-4 cm; B and C surface cracks of various sizes. Moreover, the size of type B 
defects is smaller than the size of type C defects, which are less common. It was found that in fibers with a 
length of 10-2 to 10 cm, mainly type B defects are observed, but the presence of type A and C defects is also 
possible.  In fibers over 10 cm in length, type C defects are predominant. Apparently, fibers with a length of 
less than 10-2 cm should contain type A defects, but it is very difficult to experimentally determine the presence 
of this type of defects on fibers of such length. 

We also considered the influence of defects on the strength of the fiber, the length of which changed 
from 0.05 to 1.5 cm. It was found that the probability density curves of the tensile strength of glass fibers with 
a length ℓ of up to 0.05 cm. (curve l, Figure 3, a) have one maximum, which indicates the influence of only 
type B defects, and the integral dependence represents a straight line (Graph 1, Figure 3, b).  As the length of 
the glass fiber increases, defects of types B and C appear on its surface; at the same time, the probability density 
curve of the strength limits already has two maxima (curve 2, Fig. 3, a) and in the integral dependence (graph 
2) a turning point is observed, depending on the ratio of the number of failures caused by defects of type B and 
C. 

From Figure 2b (graphs 2, 3, 4) it is clear that with increasing length, some of the glass fibers are 
destroyed by type B defects, and some by C defects, since they are most dangerous and characteristic of long 
fibers. The probability density curve of the strength limits in this case has one maximum (curve 3, Fig. 3, a) 
and the corresponding integral curve (graph 5, Fig. 2 a) does not have a break, but its slope differs from the 
slope of the curve in graph 1. As the length of glass fibers increases, the direction of the slope of the curves 
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changes towards lower failure stresses, while the minimum strength can be found when testing long fibers. 
It should be noted that the process of fiber failure (failure) depends on its defects and environmental 

conditions (temperature, moisture, vacuum, etc.). The process of statistical destruction at the initial temperature 
occurs in two stages.  Initially, cracks develop from defects existing in the composition, and then the process 
of fiber destruction proceeds at an increasing speed [12,13,14]. In this case, the cracking rate is well described 
by the empirical dependence, which for an E-glass fiber with a diameter of 10 μm and a length of 25 m has the 
following form (5).   

01 VRV n
h += σ ,        

where σН - normal stress, R1 - a constant, n - an exponent (for fibers of various types the values are n = 16÷26); 
𝑉𝑉0 − the cracking rate at zero stress. 

The second stage of the destruction process is poorly described by a power function with a constant 
exponent even when the stress level changes. Therefore, based on correlation analysis, it was found that the 
dependence of voltage on time in logarithmic coordinates can be represented linearly. However, the behavior 
of a fiber bundle under load is different from that of a monofilament. When considering PCM as a statically 
indeterminate system consisting of fibers, which is characterized by random strength values, in general, the 
load on the bundle Q can be represented in the form 

dEEEfdNQ bb )()(
0

1 εψεε
ε
∫ ∫
∞ ∞

= , 

where N - initial number of fibers in the bundle; −)( 1Ef ε  fiber load function; ∫ ∫
∞ ∞

−
ε

εψε
0

)( dEEd bb  the 

number of fibers remaining when a quasi-equilibrium state is reached. 
If the stress distribution in the bundle and the law of plane sections is valid, the relationship between the 

total load on the bundle Qi and the load on individual i fiber qi can be represented in the form 

dqqpNqQ
iq

ii )(∫
∞

= , 

where p(q) - probability density of failure loads for fibers. 
The failure load Qmax for a fiber bundle at qr=qkr is equal to 

0)( =








∫
∞

iq
kr dqqpq

dq
d

. 

If the probability of fiber exceeding the failure load is indicated 

)()1()()(
0

ωa
q

adqqpqp
q

=== ∫ , 

where a(ω) changes from 1 to 0 when placing the fibers included in the bundle and characterizes the degree of 
destruction of the bundle, then the load on the bundle 

[ ])(11 ω
ω

aNQ −=  

 where a(ω)=1-Q ω/N at a constant force there will be a linear relationship between a(ω) and ω. 
The conditions for determining the maximum load will have the form 

[ ] [ ] 0)(1,)(1
max

=
−−

=
ω

ω
ω

ω

ωd
adaNQ . 

It should be noted that for large N and any fiber strength distribution function, if the probability of fiber 
failure p(q) is such that 1–p(q) tends to zero faster than 1/q, the distribution of average failure stresses for 
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bundles asymptotically tends to normal distribution with mathematical expectation 

[ ])(1 maxmax qpqqb −=  
and standard deviation 

[ ]{ })(1)(1
maxmaxmax qpqp

N
qSqb −=  

The maximum stress can be determined by maximizing the value represented as the product of the force 
in the fiber and the number of unbroken fibers, i.e.  

[ ]{ } .0)(1
max
=− =qqqpq

dq
d

 

When determining the failure load on a large bundle, knowing the strength limits of the fibers, it is 
possible to arrange the failure loads in a variation series in decreasing order, q1>q2>q3...>qr. Equilibrium 
condition will be as follows in the form  

Q ≤ qr, 
where r is the sequence number of the thread in the row. 

 Then the maximum load can be determined by the formula  
 

Qmax=max[rqr]. 
 
This formula can be confirmed by research results. In this regard, the behavior of a bundle of parallel glass 
fibers, the strength of which is distributed according to the normal law, was studied. It was found that the 
maximum load on the beam 

∫
∞

=
rkqkp dqqpNqQ )(max  

  
and the rated load on the fiber at the start of rapid rupture  

∫
∞

==
rkqkpH dqqpq

N
Qq )(max  

 
is determined from the maximization condition i.e.  

∫
∞

=−=
kpq kpkp

kp

qpqdqqp
dq
dQ .0)()(  

This equation is a function of qkp and can be solved graphically. 
 We also obtained the dependence of the nominal stresses σH in the fibers on the actual σ, which has the form

∫
∞

=
0

.)( σσσσ dpH  Graphically this dependence is shown in Fig. 4. From this dependence it is possible 

to find the stresses corresponding to the maximum effective load on the bundle depending on the dispersion of 
the monofilament strength, Curves 1-5 correspond to coefficients of variation 0; 90; 17.5; 30 and 75% 𝜎𝜎к𝚤𝚤 и σ//- 
intervals of possible equilibrium states σkmax and σНmax - failure points. 

  Regardless of the dispersion, curves 1-5 intersect at the point (𝜎𝜎�, 𝜎𝜎�/2), which indicates that any beam 
can withstand a load that gives a normal voltage 𝜎𝜎� /2. Thus, the minimum load can be determined by the 
formula 

,
2min NfQ σ

=  

where f the cross-sectional area of one fiber, 𝜎𝜎� - the average strength of the fibers in the bundle. 
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Figure. 4. Dependence of the nominal stress σH on the actual stress σ in glass fibers at different  

values of the coefficients of variation 
 

The results of research are considered to explain the physical process of the behavior of unbonded fibers 
when exposed to a load. It should be noted that the process of destruction of PCM fibers differs from the 
destruction of a bundle of fibers in that the destruction of a fiber at any point in the bundle means its weakening 
and leads to an increase in effective stress, while the destruction of individual PCM fibers (connected bundle) 
occurring in different sections leads to redistribute the load on fibers located closely in the rupture zone. 
Therefore, the main role in ensuring collaboration in the forming fibers is played by the binding polymer 
matrix. In this case, the main interaction processes between the matrix and the fiber occur either at the interface 
or in the border region [15,16]. The main characteristic of this interaction is the interlayer shear strength of the 
composition. 

In addition to the adhesive characteristics of the fiber, the surface structure of the fibers and their 
chemical composition play a significant role in increasing the interlayer shear strength. Thus, in work [2] it is 
shown that the destruction of fiberglass does not occur at the glass-resin boundary, but along the binder layer 
located near the fibers (at a distance of 1-2 μm) where the weakening of the strength of the binder is caused by 
the inhibitory effect of the fibers on the curing process of the binders. The relationship between adhesive 
strength and tensile strength of PCM has also been established [17,18,19]. A similar relationship for oriented 
fiberglass plastics based on various binders is shown in Figure 5. 

The solidity and high shear strength of PCM is ensured mainly by the binding, i.e., polymer matrix, 
therefore special requirements are placed on it not only in terms of adhesive properties, but also in terms of 
deformation [20,21].   
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Figure. 5. Dependence of adhesive strength τaд on tensile strength σв PCM. 
 

For PCM, the optimal fiber content (50 - 75%) is that the relative elongation of the matrix should be 6-
15 times greater than in the fiber. In order to eliminate cracking and increase the load-bearing capacity of 
shells made of oriented fiberglass with a volumetric fiber content of 30-70%, we recommend that the relative 
elongation of the binder be 4-26%. 

Conclusions. 1. It has been shown that the strength of a fiber in PCM depends on its diameter, i.e., the 
larger the fiber diameter, the lower its strength, which is determined by the nature and location of defects on 
the surface. The relationship between strength and maximum relative deformation also depends significantly 
on the fiber diameter. Higher values of these parameters are achieved with small fiber diameters. 

2. The strength of fiberglass reinforcement depends on the nature of the defects on its surface. It has 
been established that surface defects are the most dangerous for long fibers. However, the behavior of a fiber 
bundle under load is different from that of a monofilament. The stresses corresponding to the maximum 
effective load on the bundle depend on the strength dispersion of the monofilaments. 

3. The main interaction processes between the matrix and the fiber depend on the adhesion 
characteristics, surface structure and chemical composition of the fibers. It has been established that the 
weakening of the strength of the matrix in PCM is caused by the inhibitory effect of fibers on the process of 
hardening of the binders. In addition, there is a relationship between adhesive strength and tensile strength of 
PCM. 
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Abstract: The article examines the effect of the movement trajectory of the cutting tool on the 
longitudinal cross-sectional accuracy of the details processed on digitally controlled (DC) lathes. 
Opportunities to improve the accuracy of details are analyzed. The article investigates the influence 
of the trajectory of the cutting tool on the accuracy of the longitudinal section of parts processed on 
lathes with computer numerical control (CNC). The possibilities of increasing the accuracy of parts 
are analyzed. The article describes a method for calculating the trajectory of a turning tool on a 
machine with numerical control to compensate for elastic deformation when processing of the 
workpiece. In the process of turning bodies of rotation with low rigidity, elastic deformations occur 
under the action of cutting force, which negatively affects the accuracy of the machined surface. As 
a result, an error appears in the form of barrel-shaped, saddle-shaped, or a combination of these 
errors, depending on the stiffness machine and its individual parts. Based on the calculation of 
deformation at a constant depth of cut, it is proposed to determine the error, which must be further 
compensated using the given calculation method. It allows compensation to be carried out by 
predistortion the trajectory at the stage of programming the control program. Thus, during the 
turning process, the required diameter will be obtained with minimal errors, which in turn will have 
a positive effect on the reduction additional processing to remove form errors and improve the 
quality of part processing. 
Keywords: processing accuracy, shape error, machining, workpiece, part, machine tool, cutting 
tool, trajectory. 

Introduction.  
The development of all branches of mechanical engineering and instrument making is 

characterized by a continuous increase in requirements for the precision of manufacturing parts and 
product assembly. The issue of increasing accuracy in all technological operations is considered 
relevant. Increasing the accuracy of milling, as well as the accuracy of machining operations, 
starting with roughing operations, allows us to minimize the number of processed operations on the 
surfaces of parts, save material, and also reduce labor costs. In addition, it should be noted that with 
increasing accuracy of machining parts, labor costs for assembling machines and devices are 
minimized due to partial or complete elimination of transfer operations. All this requires a special 
careful approach to ensuring and increasing accuracy at each stage of product creation - at the 
design stage, the manufacturing stage, as well as at the assembly and testing stages [1]. 

Studying the possibilities of increasing the accuracy of machining. The quality of the product 
as a whole directly depends on the precision of manufacturing of each of its parts. Among the well-
known groups of parts, one of the parts that require increased manufacturing accuracy are parts 
processed on lathes. Because many of these parts are subjected to a variety of stresses, inaccurate 
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preparation increases the corrosion and failure of the parts. Turning today remains a more labor-
intensive operation in the manufacture of parts of this type. 

The accuracy of detailing is understood as its compliance with the requirements for the 
drawing in terms of linear and angular dimensions, geometric shape, waviness and unevenness [2-
5]. 

The process of mechanical processing of parts with pastes is accompanied by the occurrence 
of errors from the influence of systematic and random factors. One of these factors is the elastic 
deformation of the elements of the technological system (machine-layout-tool-part) under the 
influence of the cutting force. As a result, the position of the cutting tongue of the tool relative to 
the processed paste changes. A change in the cutting force and rigidity of the technological system 
during the movement of the cutting tool leads to deformation of its elements, as a result of which 
shape errors, as well as size variations, occur on the processed surfaces of individual pastes, as well 
as in batch pastes [5]. 

Increasing accuracy usually leads to increased labor intensity and cost of manufacturing parts. 
When designing operations for preparing parts, it is necessary to take into account errors that may 
occur during machining and be sure to determine the possibilities for their reduction or 
compensation. The general basic methods for improving machining accuracy are as follows:[6-9]: 

- with increasing rigidity of the technological system; 
-reducing the cost of construction errors (using the principle of overlapping bases; correct 

choice of price and direction of compression force, etc.); 
- increasing the accuracy of tool adjustment by size; 
- with the correct choice of material for the cutting part, optimization of cutting mode 

elements and increasing the wear resistance of the cutting tool through the use of cooling and 
lubricating fluids; 

- reducing the influence of temperature deformations of the machine, tool and paste on the 
accuracy of machining; 

- using active controls and various automatic debuggers; 
- with the introduction of management systems. 
Precision control in flexible manufacturing using CNC machines to improve production 

culture in modern industrial enterprises is more typical. Accuracy control gradually, as a result of 
the improvement of modern CNC installations, there is a need to move to software control of the 
accuracy of machining. 

In this regard, important issues include the study of factors influencing the accuracy of 
machining, the study of the causes of errors and the patterns of their change. This is especially true 
for parts mounted on consoles and centers during turning. 

A very important and pressing problem is the study of the law of change in errors that arise 
when processing parts mounted on lathes in consoles and centers, and the determination of the 
equidistance of the trajectory of the cutting tool in accordance with the law of change in error, as 
well as the study of software control of the error that may arise. [10-13] 

Increasing the accuracy of machined parts can be achieved by studying the causes of errors, as 
well as partial and complete prevention of elastic deformations of the paste, taking into account the 
cutting force, the rigidity of the technological system and the method of installation of the paste. 
Figure 1 shows methods for increasing the accuracy of machining shaft-type parts on CNC lathes. 
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Formulation of the problem.  
Increasing the accuracy of parts processed on CNC lathes. In CNC lathes, when processing 

the outer surfaces of plates of low hardness, the bending of the tip and the compression of its cutting 
force under the action of the radial organizer yP  lead to their deformation under the influence of 

this force. Their deformation in the diametrical direction when the rods are cantilevered (for 
example, in a lathe chuck) is determined by the following well-known expression (1) [4]:  

                                                           
JE

lP
x y

⋅⋅

⋅
=∆

3

3

                                                                       (1) 

here, E -modulus of elasticity of the formation material, 2/ mmN ; J is the moment of inertia of the 
cross section of the mold, 4mm ; l  is the distance between the point of application of the cutting 
forand the place of attachment of the form, mm  (Fig. 1). 

 
Figure 1. Scheme of processing a shape fixed in a chuck on a lathe 

 

As the distance l increases, the deformation of the shape increases significantly, which leads 
to an increase in shape errors in the longitudinal cross section of the shape (or part). 

The radial organizer of the cutting force during the top processing operation is determined by 
expression (2) below [4]: 

                                                    p
nyx

py KVStCP ⋅⋅⋅⋅⋅= 010                                                        (2) 

here, pC , pK  are coefficients; x , y , n  are strength indicators. When upper processing of 

molds made of structural steels for bits made of hard alloy 243=pC , 9,0=x , 6,0=y  and 

3,0−=n ; and for bits made of high-speed steels 125=pC , 9,0=x , 75,0=y and 0=n  [4]. 

The coefficient PK  is determined by the expression below (3)[4, s. 96-103]:  

                                                      rPPPPMp KKKKKK
p

⋅⋅⋅⋅= λγϕ                                             (3) 

here, is a coefficient depending on the tensile strength of the material being processed; - 
coefficients depending on the geometric parameters of the cutting tongue of the bit. 

rPPPPM KKKKK
p

⋅⋅⋅⋅ λγϕ  
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For bits made of hard alloy and high-speed steel with a planning angle 045=ϕ , an inclination 

angle of the leading edge 00 20...10=γ , an inclination angle of the main cutting edge 00=λ and a 

tip radius 2=r  mm 1==== rPPPP KKKK λγϕ ; , where 600〈Bσ  MPa, 35,0=m  (for high-speed 

steel bits) and 75,0=m  (for hard alloy bits); t , 0S , V - respectively depth of cut (mm), longitudinal 

gear (mm/cycle) and cutting speed (m/min). 
m

B
M P

K 





=
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σ  

In CNC lathes, it is possible to compensate for shape errors that arise during processing, and 
in some cases, positional errors, by first changing the trajectory of the cutting tool using a numerical 
control program (NC-numerical Control). 

There are three known ways to compensate for errors in the shape of parts: 
- correction of the trajectory of movement of the cutting tool when performing the last working 
stroke; 
- change in transmission and resulting cutting force during the movement of the cutting tool; 
- correction of the trajectory of the cutting tool to obtain an uneven cutting depth when performing 
the last working stroke to process a given working surface. 

Solution of the problem.  

Let us assume that the shape of the surface to be formed corresponds to straight line 1 (Fig. 
3). The actual shape of the surface, formed as a result of elastic deformation of the mold during 
processing, will correspond to curve 2. In order to compensate for the shape error, a correction is 
made to the tool path taking into account the current value of the shape error. To do this, the 
trajectory must necessarily correspond to curve 3, which is considered a mirror image of curve 2 if 
you look at straight line 1, corresponding to the nominal contour of the part. Since the specific 
operation of a lathe does not allow the tool to move along a smooth curve, the actual tool movement 
curve will be stepped (curve 4 in Fig. 2). 

 
Figure 2. Scheme of formation and compensation of errors in the shape of the cantilever fastening 

in the chuck 
The adjusted trajectory ( /1 , /2 , /3 , ... support points) can be written in several blocks of the 

control program. Therefore, at the support points, the transfer motion of the tool approaches zero at 



Agasi AGAYEV, Govhar ABBASOVA 
Increasing the accuracy of processing parts on CNC lathes 

 
 

70 

short intervals, and the cutting force decreases. This is due to the formation of ring-shaped marks on 
the treated surface. In addition, the contour formed as a result of the influence of the stepwise nature 
of the tool movement becomes non-linear after processing. Therefore, it is more advisable to use 
this method only for roughing or primary surface treatment. 
        The deformation of the shape in any kth cross section (Fig. 1) can be calculated using the 
following expression (4): 
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                                                        (4) 

here, l  is the distance between the side surfaces of the cams and the mold, mm; Z∆ - distance 
between adjacent cross sections, mm. 

If the deformation of the shape in any cross section is less than half the discreteness of 
coordinates in the diametrical direction on CNC machines, then in this section and in the section 
with a higher number the deformation is assumed to be zero. 
         The coordinates of the support points of the adjusted cutting tool path will be determined by 
the following expression (5): 
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here, d  is the nominal diameter of the part, mm; - the distance between cross sections at 
which the shape deformation is calculated, mm. z∆  

 

 
Figure 3. Measurement of cutting force using Kistler's RCD dynamometer 

The shape error of the workpiece is calculated as the difference between the largest dmax 

maxd and smallest dmin mind  diameters according to (6): 
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                                                           minmax ddf −=∆                                                               (6) 

For the experimental implementation of the problem posed in the article, the study was 
conducted on the SL-10 digital program controlled machine of the HAAS company. Rods made of 
Steel 45 material with a length of 8÷12 mm were taken for the study. A three-punch cartridge was 
used as a clamping arrangement. The Kistler RCD dynamometer was used to determine the value of 
the cutting force applied to the pasta during processing (figure 3). 

Table 1. Displacement of the axis of the stick workpiece 

In the current 
sections of 
the passage 
of length L 

(x), mm 

Axis displacement -y, mm Cutting 
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Py, N 
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10 0,00063 0,00055 0,00032 0,0002  
 
 

198 

 
 
 

0,5 

 
 
 

0,3 

 
 
 

500 

20 0,005 0,0044 0,0021 0,0012 
30 0,017 0,014 0,008 0,004 
40 0,04 0,036 0,014 0,008 
50 0,078 0,068 0,004 0,02 
 
During the experiment, the value of the displacement of the cutting force of the rod in 5 equal 

parts along the length from the value of the component yP  was calculated using expression (2) and 

written in table 1. Then, according to these values, the dependence graph )(Lfy = reflecting the 
theoretically calculated displacement was constructed (figure 4).  

Then, 5,0=t mm of the pastes, in processing modes 3,0=S mm/cycle and 
500=n cycles/min, processing was carried out without taking into account the center axis shape 

error compensation scheme (figure 2). During processing, the values of the central axis 
displacement in 5 equal parts along the length of the workpieces measured by the indicator are 
written in table 1. On the basis of these values, the )(Lfy =  dependency graph was constructed for 
processing the center axis shape error without considering the compensation scheme (figure 4). 

Then, the processing of the stick pashto was carried out in the same processing modes, taking 
into account the shape error compensation scheme of the central axis (figure 2). Again, with the 
same rule, the values of the displacements of the central axis of the workpieces in 5 equal parts 
along the length were measured and written in table 1. On the basis of these values, the dependence 
graph )(Lfy = for processing was built taking into account the compensation scheme for the shape 
error of the central axis (figure 4. - curve). In all these experiments, the range of shear force 
variation was NPy 256...157= . 

As can be seen from figure 4, the value of the displacement of the axis increases as the price 
of the transitions along the length of the plate increases at the value of the cutting force constPy =  

At a large value of the moment of inertia, the value of the displacement is small, and at a small 
value of the moment of inertia, the value of the displacement is large. Comparing the graphs 
constructed with a known dependence for the determination of the deformation of the central axis of 
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the cantilever fixed part, it is known that the difference between the processing modes with and 
without taking into account the compensation scheme for the central axis shape error is %1210 ÷ . 

 
Figure 4. The graph of the displacement of the axis of the stick workpiece as a function of length. 

 Results and conclusions.  

The article explores the possibility of compensating for shape errors that arise during 
processing on CNC lathes, and in some cases, for errors in relative position, by first changing the 
trajectory of the cutting tool using a digital control program (NC-numerical control), with which the 
circuit was built formation and compensation of errors in the shape of a fixed plate fixed to the 
chuck by a console. Since ensuring accuracy in machining and assembly processes is considered 
one of the important issues, this paper examines the factors affecting the machining accuracy in 
turning and how they can be prevented. To this end, the article analyzes the factors influencing the 
accuracy of machining during turning of parts to which the console is attached, and explains ways 
to reduce them. Elastic deformations that occur in the technological system due to the action of the 
cutting force have been identified; special attention is paid to the occurrence of shape errors as a 
result of bending of the central axis of the workpiece during processing. To compensate for the 
error by adjusting the value of the cutting force (an organizer that can be taken into account in the 
control program) in order to reduce the cost of the error arising from the deformation of the shape 
axis under the influence of the cutting force, it is proposed to implement this issue through the NC 
program. 
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Abstract: The studied semiconductor structure for photovoltaic cells  is composed of SnO2-coated glass and  
CdMnSe thin film. A study is made by examining the photoluminescence from the surface of the  CdMnSe 
thin film with laser power and sample temperature for an as-grown,  then an air-annealed thin film,  and  
undergone CdCl2 treatment. Thin films of Cd1-xMnxSe (x=0.05) were grown on a glass substrate. The lifetime 
of charge carriers under pulsed illumination was determined from the kinetic decay of the photocurrent. The 
study of relaxation curves of nonequilibrium photoconductivity under the influence of laser radiation 
confirmed the presence of two recombination channels - intrinsic and impurity. Photocurrent relaxation occurs 
through fast and slow recombination channels. The fast relaxation time  τ = 13 μs associated with the intrinsic 
transition, and the slow relaxation time is due to impurity excitation and τ = 20 μs. The photoluminescence 
spectra of thin films of Cd1-xMnxSe (x=0.05) were studied. The observed emission lines can be divided into 
three parts. Emission lines with maxima λ1 = 868 nm, λ2 = 888 nm and λ3 = 933 nm, which are caused, 
respectively, by an optical transition in the region of the edge of the absorption band, an acceptor level located 
in the band gap and an optical zone-band transition or annihilation of free excitons.  
Keywords: Thin film, semimagnetic semiconductor, lifetime, recombination center, photoluminescense 

Introduction.  
One of the current trends in the development of alternative energy is building photovoltaics, 

which involves the integration of solar panels with residential buildings or industrial facilities. As a 
rule, such devices are assembled on a rigid basis, but assembling panels on a flexible basis would 
significantly reduce their specific weight and also facilitate installation.  

In recent years, the market demand for solar modules has increased significantly. Strong 
competition among manufacturers in the world market requires continuous improvement of the 
technical parameters of solar cells and reduction of their prices. 

 The vast majority of solar cells currently produced for commercial purposes are made of silicon 
(Si). Photoelements made of Si solids are widely used, as their absorption, spectral characteristics 
correspond to the spectral characteristics of solar radiation and the theoretically calculated maximum 
efficiency under standard conditions is 30%. 91% of the energy of light flux falling through silicon, 
i.e. the part of the solar spectrum with a wavelength of 1.1 μm and shorter, can be converted into 
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electricity. Their main drawback is the high cost of silicon ingots due to the expensive operation of 
the cutting technology [1]. 

GaAs and CdTe compounds attract the attention of many researchers as a very promising 
material. Because of their use, it was possible to obtain a very large efficiency. Although GaAs have 
a number of advantages over silicon, they also have some disadvantages, such as brittleness and high 
density. At large values of the band qap Eg, its ability to convert long-wavelength rays is limited (it 
absorbs rays with a wavelength less than 0.9 μm). CdTe-based solar cells are more durable and strong 
[1,2]. 

In recent years, low dimension semiconductor structures have been the subject of researchers 
by many scientific centers around the world [3-10]. In order to obtain high quality and inexpensive 
solar cells, it is important to have the following conditions: replacement of massive crystals with thin-
films, proper selection and development of thin-film technology. By replacing massive crystals with 
thin-film structures, the total amount of material used for structures obtained on different substrates 
can be reduced by 100 or even 1000 times. On the other hand, the transition to thin films simplifies 
the requirements for the crystallographic quality and purity of the material, reducing the resistance, 
which is one of the main parameters of the solar cell. For this reason, the choice of the optimal value 
of the layer thickness is a key factor, and this can be achieved by the molecular beam condensation 
method. 

In recent years, new types of materials have been used for solar cells. For example, copper-
indium-diselenide, GaAs, CdS, CdTe, CdSe, etc. thin-film photovoltaic elements based on them. 
These solar cells have been used for commercial purposes in recent years, and their production 
technology is constantly evolving. Over the last decade, the efficiency of such thin-film structures 
has almost increased for 2 times. 

The material for the absorbing layer of flexible solar cells can be thin films based on cadmium 
selenide (CdSe). The advantages of this material include an optimal band gap of ~1.71 eV, as well as 
a high absorption coefficient of solar radiation (~5∙105 cm-1) [11]. 

Thin films of semimagnetic semiconductors based on Cd are of particular interest for the 
purpose of using these materials in photovoltaics [12,13]. Many physical properties of 
semiconductors are determined by the nature, state and location of local levels in the band gap. The 
study of current-voltage characteristics (CVC) and thermally stimulated current (TSC) spectra does 
not fully allow us to judge such important parameters as the capture center, depth, concentration and 
capture cross sections, as well as information about the nature of the distribution of local levels in the 
band gap of high-resistance materials.  

Over the last few years, solar cells based on thin films of CdMnSe semimagnetic 
semiconductors (SMSC) are of great interest. These materials have unique properties: high 
photosensitivity at room temperature, the wide band gap and the ability to control a number of 
physical properties by changing the concentration of the transition metal element in the sample, etc. 

The study of recombination processes is a necessary essential stage in the study of the 
physical properties of semiconductor materials and devices based on them. It is the mechanism of 
charge carrier recombination that determines the features of the occurrence of photoelectric, lumine-
scent and injection phenomena that underlie most areas of practical use of semiconductors. In this 
work, the recombination processes of charge carriers in thin films of semimagnetic semiconductors 
Cd1-xMnxSe are investigated. 
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Experiments and discussions.  
In this work, solid solutions of Cd1-xMnxSe (x = 0.05) were synthesized and thin films on their 

basis were grown on a glass substrate with a conduction SnO2 layer at a source temperature Tsour = 
1100 K, substrate temperature Tsub = 670 K using the molecular beam condensation (MBC) method 
in a vacuum installation УВН-71-P3 in a vacuum of 10-4 Pa [14,15]. Ni contacts were deposited on 
thin films. The type of conductivity was determined by the t.e.m.f, which showed that the obtained 
Cd1-xMnxSe thin films have p-type conductivity. 

 The crystal structure of the obtained thin films was studied by X-ray diffraction method on an 
XRD Broker, D8 ADVANGE, Germany. In the X-ray diffraction patterns of Cd1-xMnxSe thin films, 
all diffraction peaks confirm that the thin films have a sphalerite-type cubic structure with a lattice 
parameter of a = 6.05 Å. (Fig. 1). 

 

 
Figure 1. XRD spectrum of CdMnSe thin films 

In order to determine the recombination mechanism, parameters of recombination centers and 
processes of electronic transitions in Cd1-хMnхSe (x=0.05) films, we used a complex of stationary and 
kinetic research methods. To obtain kinetic characteristics, semiconductors were illuminated with 
short pulses (t~10-6s) of LEDs. The photoelectric signal, caused by a change in the potential of the 
semiconductor under the influence of pulsed illumination, after preliminary amplification by a 
broadband transistor amplifier, was fed to the input of the oscilloscope and recorded by a computer 
(Fig. 2). The time resolution of the selective circuit was no worse than 10-8 s, which made it possible 
to record the signal in a time interval of 10-8÷10-2 s.  
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Figure2. Block diagram of the installation for measuring the kinetics of the photoelectric 
effect: 1 –generator; 2 – cell; 3 – amplifier with polarization unit; 4 – oscilloscope 

 
In Fig. 3 shows the photocurrent relaxation curve in Cd1-хMnхSe (x=0.05). The study of the relaxation 

curves of nonequilibrium photoconductivity under the influence of laser radiation also confirms the presence 
of two recombination channels in Cd1-хMnхSe (x=0.05) -  intrinsic and impurity. Photocurrent relaxation occurs 
through fast and slow recombination channels. The fast relaxation time τ, which is ~13 μs, is associated with 
the intrinsic transition, and the slow relaxation time is due to impurity excitation and is τ ~20 μs. 

 

 
Figure 3. Kinetics of photocurrent changes for Cd1-хMnхSe (x=0.05) at room temperature. 
All these studies have clearly shown that for high-resistance CdMnSe crystals, the main role in 

recombination processes is played the various types of recombination centers: fast (s-) and slow (r-) – sensitive. 
Under pulsed illumination, the lifetime of charge carriers is determined from the kinetic decay of the 
photocurrent. The study showed that the decay of the photocurrent is not monoexponential, which indicates 
the presence of several types of recombination. Depending on the energy state of these centers, the effective 
lifetime was 10-6-10-3 s. 

It was considered possibility of estimating the lifetime of nonequilibrium charge carriers in a surface 
layer with defects. In the presence of several types of recombination, the effective carrier lifetime can be found 
from the expression 

∑=
i

i
eff

ττ
1  

For a thin film of Cd1-хMnхSe (x=0.05), taking into account the introduced structural defects 
and the influence of the surface, the effective lifetime can be determined as  

τττ sleff

111
+=  
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Where   1
𝜏𝜏𝑠𝑠

 = 2𝑠𝑠
𝑑𝑑

;  τl - taking into account the recombination of carriers on structural defects in the thin 

film, τs - surface lifetime; s - surface recombination rate;  d - plate thickness. Analyzes have shown 
that the lifetime is  𝜏𝜏 =13-20 μs, and the surface recombination rate s = 40𝑠𝑠𝑠𝑠

𝑠𝑠
 .    

To measure photoluminescence, a pulsed Nd:YAG laser with built-in 2nd and 3rd harmonic 
generators designed to generate radiation with wavelengths of 1064, 532 and 335 nm was used as a 
radiation source. The laser pulse duration was 10 ns with a maximum power of ~12 MW/cm2. The 
radiation intensity was varied using calibrated neutral light filters. Using a lens, the incident laser 
beam was focused onto the surface of the sample with a spot diameter of ~2.0 mm. The luminescence 
spectra of thin films of Cd1-хMnхSe (x=0.05) were studied using an M833 automatic monochromator 
with dual dispersion (spectral resolution ~0.024 nm at a wavelength of 600 nm), with computer 
control and a detector that records radiation in the wavelength range 350 – 2000 nm (Fig. 4).  

 
Figure 4. Scheme of the experimental setup for measuring photoluminescence of thin films of  

Cd1-хMnхSe (x=0.05) under the influence of laser radiation: 1- pulsed Nd:YAG laser, 2- light filters, 
3, 6, 7 - lenses, 4- sample, 5- cryostat, 8-monochromator, 9-photoelectric current amplifier, 10-

storage oscilloscope, 11-computer system. 
The observed emission lines can be divided into three parts. Short-wave emission lines with 

maxima λ1 = 868 nm (with a half-width of 3A°) and λ2 = 888 nm refer to radiation associated with 
Cd1-хMnхSe (x = 0.05) and long-wave emission lines λ3 = 933 nm (with a half-width of  4A°) (Fig.5). 

 
Figure  5. Luminescence spectra under the action of laser radiation in Cd1-хMnхSe (x=0.05) 

thin films at room temperature 
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In our opinion, the short-wavelength emission line corresponds to an optical transition in the 
region of the absorption band edge, since the band gap of Cd1-хMnхSe (x=0.05) is 1.7 eV [16-18]. 
Emission with a maximum λ2 can be caused by an acceptor level located in the band gap of Cd1-

хMnхSe (x=0.05) with activation energy Ea = 0.42 eV, or by a vacancy. As for the long-wavelength 
emission line, this is a fairly well-known line associated with the optical band-band transition and the 
annihilation of free excitons with a binding energy of - 15 meV. 

Conclusion.  
The studied semiconductors for photovoltaic cells is composed of SnO2-coated glass and  

CdMnSe thin film. A study of the cells is made by examining the photoluminescence from the surface 
of the  CdMnSe thin film with laser power and sample temperature for an as-grown cell, an air-
annealed cell, and a cell that has undergone CdCl2 treatment. 

Cd1-xMnxSe (x=0.05) thin films were grown on a glass substrate. The lifetime of charge carriers 
under pulsed illumination was determined from the kinetic decay of the photocurrent. The study of 
relaxation curves of nonequilibrium photoconductivity under the influence of laser radiation 
confirmed the presence of two recombination channels - intrinsic and impurity. Photocurrent 
relaxation occurs through fast and slow recombination channels. The fast relaxation time τ = 13 μs 
associated with the intrinsic transition, and the slow relaxation time τ = 20 μs is due to impurity 
excitation. 

The photoluminescence spectra of Cd1-xMnxSe (x=0.05) thin films were studied. The observed 
emission lines can be divided into three parts. Emission lines with maxima λ1 = 868 nm, λ2 = 888 nm 
and λ3 = 933 nm, which are caused, respectively, by an optical transition in the region of the edge of 
the absorption band, an acceptor level located in the band gap and an optical zone-band transition and 
annihilation of free excitons.  
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